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Abstract. We construct an obstruction theory for relative Hilbert 
schemes in the sense of |BF) and compute it explicitly for relative Hilbert 
schemes of divisors on smooth projective varieties. In the special case 
of curves on a surface V , our obstruction theory determines a virtual 
fundamental class [[Hilb™]] £ A m(m-k) (Hilby), which we use to define 

2 

Poincare invariants 

These maps are invariant under deformations, satisfy a blow-up for- 
mula, and a wall crossing formula for surfaces with Pg{V) = 0. In the 
case q{V) > 1, we calculate the wall crossing formula explicitely in terms 
of fundamental classes of certain Brill-Noether loci for curves. We de- 
termine the invariants completely for ruled surfaces, and rederive from 
this classical results of Nagata and Lange. The invariant (PyjPv) of 
an elliptic fibration is computed in terms of its multiple fibers. 

When the fibered product Hilby Xpic^ Hilby"™ is empty, there ex- 
ists a more geometric obstruction theory, which gives rise to a second 
virtual fundamental class {Hilb™} € A^(^-k) , ,,,,(Hilby). We show 

2 rPg{V) 

that {Hilb™} = [[Hilb™]] when Pg(V) = 0, and use the second ob- 
struction theory to prove that [[Hilb™]] = when Pg{V) > and 
Hilb^? Xpic^ Hilb*-'" = 0. 

We conjecture that our Poincare invariants coincide with the full 
Seiberg-Witten invariants of |OTl| computed with respect to the canon- 
ical orientation data. The main evidence for this conjecture is based on 
the existence of an Kobayashi-Hitchin isomorphism which identifies the 
moduli spaces of monopoles with the corresponding Hilbert schemes. 
We expect that this isomorphism identifies also the corresponding vir- 
tual fundamental classes. This more conceptual conjecture is true in 
the smooth case. Using the blow-up formula, the wall crossing for- 
mula, and a case by case analysis for surfaces of Kodaira dimension less 
than 2, we are able to reduce our conjecture to the following assertion: 
deg[[Hilb™]] — ( — l)'<:('-'v) foj- rninimal surfaces V of general type with 
Pg{V) > and g(V) > 0. 
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Introduction 

This paper originated from two initially distinct projects: To study the 
analogue of the Poincare formula for curves in higher dimension, and to 
develop an algebro-geometric version of Seiberg-Witten theory for projective 
surfaces. 

The Poincare formula relates the geometry of the Abel-Jacobi map to 
purely topological data. Given a smooth projective curve C of genus g over 
the field C, the Abel-Jacobi map 

T-.Cd^ PicS 

sends an effective divisor of degree d to the class of its associated line 
bundle Oci'O). Let (9 G IS?H^{V,ZY be the intersection form 

e : A^H^iV,!.) — > 1 

aAb I — > (aU6, [C]). 
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The Poincare formula expresses the fundamental class of the Brill-Noether 
locus Wd = T{Cd) in the range < d < 5 in terms of 9: 

Here is considered as a class in i7^(Pic^, Z) under the natural identification 
i?2(Pic^,Z) = A2i/i(F,Z). 

Let now A C Cd x C he the universal divisor, choose a point p & C and 
set 77 := ci{0{A)\c^x{p}) ■ The Poincare formula can then be rewritten in 
the following form: 



vi=0 / i=0 

d 



gg—d+i 

y 7-^ — ^ n [Pic^] 



j=0 



Note that the expression r* ^X]f=o ^* [^d]) Segre class of the pro- 

jective Abelian cone r : ^ Pic^- 

When one tries to find an analogue of this formula for surfaces, the main 
difficulty is that the Hilbert schemes Hilby parametrizing divisors of topo- 
logical type m G //^(y, Z) arc in general not smooth of the expected di- 
mension. They may have oversized and non-reduced components. More- 
over, when V varies in a smooth family, the corresponding family of Hilbert 
schemes is not in general fiat. Hence, in order to define the Segre class of 
the Abelian cone 

p : Hilb^ ^ Pic^?, 

one should replace the fundamental class by a virtual fundamental class 

[[Hilb^]] g^ ^(^-fe) (Hilb^) 
2 

in the Chow group of the expected dimension ^(^~^) , Here A; = ci(/Cy) 
denotes the canonical class of V. 

The existence of such a virtual fundamental class is a consequence of our 
first main result: For any flat projective morphism v -.V ^ S there exists a 
relative obstruction theory in the sense of Behrend-Fantechi 

for the relative Hilbert scheme Hilb^^^ —>■ S. Here tt : Hilbyyg xsV 
Hilby/5 is the projection and W C Hilby^^ XsV is the universal subscheme. 
If in addition v : V ^ S is smooth of relative dimension d, and Hilby^^ 
parametrizes divisors, then 
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and {R*7r^,Oo(I])))'^ is of perfect amplitude contained in [1 — d,0]. In this 
formula B C Hilb^^^ XsV denotes the universal divisor. The theory of 
Behrend and Fantechi yields therefore a virtual fundamental class when 
d = 2, i.e. for curves on surfaces. For a surface V and topological type 
m G H'^iV, Z) we denote this cycle class by 

[[Hilb^:?]] G ArMrrr-kximlh"^). 
2 

Using the virtual fundamental class [[Hilby]], we define the Poincare in- 
variant of a surface V as follows: Fix m G H'^{V,Z) and denote by B''" 
and B~ the universal divisors over Hilb^ and Hilb^-'" respectively. Let 
p € be an arbitrary point and put u'^ := ci(0(D"'")|Hiib™ x{p}) •= 
ci(0(B~)|jjjjj^A:-m ^^p-j^. Denote by the following morphisms: 

p+ : Hilb^ — > Pic^ 

D ^ [Ov{D)] 

p- ■ Hilb^-"^ Pic^ 

D' ^ [ICv{-D)] 
The Poincare invariant of V is the map 

(P+,P-) : ij2(V,Z) — > A*H^{V,Z) X A*H^{V,Z) 

defined by 



P^im) = pt{Y.iu+yn[[mh^]] 



. i>0 

and 

m(m — fc) 




Py{m) = {-l)xiOv)+^^p- n [[Hilb^-™]] 



if m G NS{V), and by P${m) -- 
The map 

Py : H^{V,Z) — > A*H^{V,Z) 
is determined by Py in the following way: 

where [Py{m)]'^^ denotes the homogeneous component of Py{m) of degree 
2i. The reason for this redundant way of defining the Poincare invariant will 
become clear later. 

The Poincare invariant possesses the following four properties: 

I) It is invariant under smooth deformations of the surface V . 
II) There exists a blow-up formula relating the Poincare invariant of a 
surface V to the Poincare invariant of the blow-up a :¥ —>V oiV 
in a point. 
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III) The invariant satisfies a wall-crossing formula: For surfaces V with 
vanishing geometric genus the difference Py — Py is a topological 
invariant, given by the formula 

r /•T/\ m(m — fc) 1 ^, 

mm{q{V), \ > } ^q{V)-j 

P+ (m) -Py{m)= {q{vi-j)l ^ [^'"^l • 

Here ^2»n-fc denotes the class in //^(Pic™,Z) corresponding to the 
map 

A^ij2(y,Z) — > Z 

aAb I — > ^{aUbU{2m-k),[V]). 

IV) Surfaces with positive geometric genus are of simple type: For sur- 
face V with Pg(y) > we have [Py [m) , Py (m)) = (0,0) except 
for finitely many classes m with m{m — k). 

The Poincare invariant is explicitely computable for many important 
classes of surfaces, e.g. for ruled surfaces, or for elliptic fibrations. 

If p : y — > C is a ruled surface over a curve of genus g, f € H'^{V, Z) the 
class of a fiber, and m G H'^{V, Z) with m(m — k) > 0, then 

r 7n(m — k) i 

minis >— ^""2 — I 

( E {m- f + iy-'^[Wd],0) whenm-/>-l 

minis.— ^-"2 — -} 

(0,- E (m-/ + l)3-'^[Pyd]) whenm-/<-l. 

This explicit formula yields classical results of Nagata [N] and Lange |L] 
about the existence and the number of sections of p : y — > C with minimal 
self-intersection number. 

Let vr : y — > C be an elliptic fibration over a curve of genus g with general 
fibre F and multiple fibers miFi, . . . , rrirFr. Fix a class m € H'^{V, Z) with 
= n • [F] = 0. Then 

d (2g-2 + x{Ov] 



{P+{m),Py{m)) 



Pn^)= E (-1) V d 

0<aj <m^ 



In particular, we find that 



p+ _ p- 



for elliptic surfaces with PgiV) > 0. 

The second project started with a question of A. Parshin. After the 
talk by one of the authors on the full Seiberg-Witten invariants as defined 
in |OTlj . he posed the question if there was a purely algebro-geometric 
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analogue of the full Seiberg-Witten invariants for projective surfaces. In 
order to explain our answer to this question, let us briefly recall the structure 
of the full Seiberg-Witten invariant; for the construction and details we refer 
to [HtT] . 

Let {M,g) be a closed oriented Riemannian 4-manifold with first Betti 
number bi. We denote by 6+ the dimension of a maximal subspace of 
M) on which the intersection form is positive definite. The set of 
isomorphism classes of S'pm'^(4)-structures on {M,g) has the structure of 
a i7^(M, Z)-torsor. This torsor does, up to a canonical isomorphism, not 
depend on the choice of the metric g and will be denoted by Spin^{M). 

We have the Chern class mapping 

ci : Spin'^iM) — > H'^{M,Z) 
C I — > ci(c), 

whose image consists of all characteristic elements. 

When 6+ > 1, then the Seiberg-Witten invariant is a map 

SWm,o ■■ Spin%M) — > A*H'^{M,Z), 

where o is an orientation parameter. 

When = 1, then the invariant depends on a chamber structure and is 
a map 

(*5^i(oi,Ho)'^^M,(o„Ho)) ■ Spin^M) A*H\M,Z) x A*H\M,'L), 

where (Oi,Ho) are again orientation data. 

Note that the Seiberg-Witten invariant possesses four properties which 
are completely analogous to the properties of the Poincare invariant: 

I') It is an invariant of the oriented diffeomorphism type. 
II') There exists a formula relating the Seiberg-Witten invariant of a 
4-manifold M to the invariant of the connected sum M#P^ with 

Iir) For 4-manifolds with 6+ = 1 the difference 

can be expresses in terms of purely topological data |()Tlj . 
IV') Taubes showed that symplectic 4-manifolds with 6+ > 1 are of 
simple type, i.e. the Seiberg-Witten invariant vanishes except for 
finitely many classes c of virtual dimension !T2 . 

We conjecture that the Seiberg-Witten- and the Poincare invariants co- 
incide for smooth projective surfaces; more precisely: Let V be such a sur- 
face. Any Hermitian metric g on V defines a canonical S'|?m'^(4)-structure 
on {V,g). Its class Ccan £ Spin^iV) does not depend on the choice of the 
metric. The Chern class of Ccan is ci{ccan) = —ci{lCv) = —k. 
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Since Spin'^{V) is a H'^{V, Z)-torsor, the distinguished element Ccan defines 
a bijection: 

H^{V,Z) — > Spin%V) 
m I — > Cm 

The Chern class of the twisted structure Cm is 2m — k. Recall that any 
surface defines canonical orientation data o and (Oi,Ho) respectively. 

Conjecture 0.1. Let V be a smooth projective surface, and denote by o or 
(01,110) the canonical orientation data. If pg{V) = 0, then 

IfPg{y) > 0, then 

P+{m) = Py{m) = SWvA^m) Vm G H\V, Z). 

We consider the assertion of this conjecture as the two-dimensional ana- 
logue of the Poincare formula. In contrast to the one-dimensional case, it re- 
lates algebraic information about a smooth projective surface to differential- 
topological data of the underlying oriented smooth 4-manifold. 

Note that if this conjecture holds, then we must have 

Pv=Pv 

for all surfaces with V with Pg{V) > 0. We have seen above that this is true 
for elliptic surfaces, but we have no a priori proof in the general case. 
The conjecture has an important conceptual refinement: 
The Kobayashi-Hitchin correspondence identifies monopoles on Kahler 
surfaces with effective divisors. To be precise: Consider a Kahler surface 
(y,g), a class m £ H'^(y,Z), and a real closed (l,l)-form /?. Let r be a 
S'pin'^(4)-structure on {V,g) representing the class Cm, and denote by 
the moduli space of solutions to the /3-twisted Seiberg-Witten equations. 

i) If (2m — k — [P]) ■ [ujg] < 0, then there exists an isomorphism of real 
analytic spaces 

K+ : W^^Hilb^. 

ii) If (2m — k — [P]) ■ [ujg] > 0, then there exists an isomorphism of real 
analytic spaces 

:>V^^Hi<— . 

By the work of Brussee IB?, the moduli space of solutions to the Seiberg- 
Witten equations carries a virtual fundamental class [W^]t,ir-- Moreover, the 
full Seiberg-Witten invariants can be computed by evaluating tautological 
cohomology classes on [>V^]t,ir |0T2j . Our main conjecture is therefore 
essentially a consequence of the following more conceptual conjecture: 
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Conjecture 0.2. Let {V,g) be a surface endowed with a Kdhler metric g. 
Fix a class m G H'^{V,'L) and a real closed 2-form (3 of type (1, 1). Let r 
be a Spin'^ (4) -structure on {V,g) representing the class Cm, and denote by 
the moduli space of solutions to the f3-twisted Seiberg-Witten equations. 
Choose the canonical orientation data o or (01,110). Suppose that (2m — 
—[/?]) • [ujg] < 0. Then the Kobayashi-Hitchin isomorphism 

identifies [W^]vir with the image 0/ [[Hilby]] in H^(Kilhy,Z). 

Forthcoming work of M. Diirr and A. Teleman will prove this second 
conjecture in the case when the moduli spaces are smooth but possibly 
oversized |DTj . In the present paper we use this result for two purposes: 
We compute the Seiberg-Witten invariants of elliptic surfaces; this fills a 
gap in the existing literature. Combining it with the blow-up formula and 
the wall-crossing formula, we reduce our first conjecture to the proof of the 
following assertion: 

Let y be a minimal surface of general type with Pg{V) > and q{V) > 0. 
Then 

deg[[Hilbt^]] = (-l)>^(^^). 

An alternative way of proving Coni . lOTT] would be to compare the Poincare 
invariants with the Gromov invariants defined by Taubes _T1 . 
Acknowledgement. The authors like to thank H. Flenner. He helped us 
to understand his construction of the cotangent complex, and he suggested 
to use his result on the existence of a left adjoint functor H2.1() for the 
construction of an obstruction theory for Hilbert schemes. 



1. Obstruction theories and virtual fundamental classes 

1.1. Background material. An essential ingredient in our study of Hilbert 
schemes and their invariants is the construction of a virtual fundamental 
class. Virtual fundamental classes in the context of complex geometry were 
first introduced by Li-Tian in |LTj . In our paper we apply the formalism de- 
velopped by Behrend-Fantechi in |BFj . Note however that Behrend-Fantechi 
work with Deligne-Mumford stacks, use the etale topology, and obtain a vir- 
tual fundamental class in the Chow group with rational coefficients. We re- 
strict to schemes with the Zariski topology and obtain a virtual fundamental 
class in the usual Chow group, the Chow group with integer coefficients. 

In the following, all schemes are separated Noetherian schemes of finite 
type over C. We denote by D~{X) the category of complexes of Cx-modules 
bounded from above, and by D~{X) the full subcategory of complexes with 
coherent cohomology. 

Let X and y be schemes, and let X — > y be a morphism. We denote 
by ^x/Y relative cotangent complex of X over Y. It is an object in the 
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derived category D~{Ox), defined up to isomorphism. When Y = SpecC 
we denote ^'x/y "^'x- 

We start by recalhng several facts about the cotangent complex which we 
will need later. 

• /i*(£^^y) = for all i > 0. Therefore one can choose a complex 
representing £^^y with zero terms in positive degrees. 

• /i'^(£^^y) = ^x/Yi the relative cotangent sheaf of X over Y. 

• Let X — ^-^Y — ^-^Z be two morphisms of schemes. They induce 
a distinguished triangle in D^{Ox)- 




■^X/Y 

Let 




be a commutative square. Then there is a natural morphism 

(1) / ^X/Y ^ ^X'/Y' 

obtained by composing the morphisms 

/ ^X/Y ^ ^X'/Y ^'"-'^ ^'x'/Y ^ ^X'/Y'- 

If the commutative square is Cartesian, then 

is an isomorphism for i = and surjective for i = —1 T, II. 1.1. 2. 9]. 

If in addition Tor'^'^ [Ox ,Oy') = for all i > 0, then the mor- 
phism is an isomorphism Cor. II. 2. 3. 10]. Note that this con- 
dition is satisfied if one of the morphisms / or j is flat. 
• If g : X ^ Y is a regular embedding, then -C^yy = 7V^yy[l] ID 
Cor.III.3.2.7]. 

Let y be a fixed base scheme, T a scheme over Y, and a coherent Ot- 
module. A closed immersion of T ^ T of schemes over y is a square-zero 
extension with ideal J' if J'r^^f = and Jj-^f considered as Or-module is 

J. Let now T — > T be a square-zero extension with ideal J^. Combining 
the morphism 

with the cut-off morphism 
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yields an element [T ^ T] S Ext^(£^^y, J'). For a morphism / : T — >• X of 
schemes over Y the associated morphism 

induces a map Ext^(£^/y, J^) ^ ExtH/*^;^/^ , J"). Let o[r ^ f] G 
Exti(/*£^/y, J) be the image of the class [T f]. Recall the follow- 
ing facts from deformation theory: 

• the morphism f : T ^ X extends to a morphism / : T ^ X if and 
only if o[T T] = 

• if ©[T T] = then the set of extensions is a torsor under 

Recall that a complex of sheaves is of perfect amplitude contained in [a,b], 
where a,b € Z, if, locally, it is isomorphic in the derived category to a 
complex T"' — > . . . ^ of locally free sheaves of finite rank. 

If the complex £* is of perfect amplitude contained in [a, 0] for some a, 
then the assignment, which assigns to every geometric point j : {x} ^ X the 
alternating sum ^■{—lydim h'^{j*£*), is locally constant. If this number is 
globally constant, we will speak of the rank of £* and denote it by rk£' . 

Definition 1.1. Let £* be an object in the derived category D~{Ox)- A 
global resolution of £* of perfect amplitude contained in [a, b] is an isomor- 
phism J^' £*, where 

^« = [^'^ ^ ^ , ^''"i ^ ^f-] 

is a complex of locally free sheaves. If [o, 6] = [—1,0], we say that J^* is a 
perfect global resolution of £* . 

Definition 1.2. Let X be a scheme. A vector bundle stack over X is an 
Artin stack over X, which is locally isomorphic to the stack Fi/Fq defined 
by a morphism a : i<o — > Fi of vector bundles on X. 

For later use, we note that any complex £* of perfect amplitude contained 
in [—1,0] defines a vector bundle stack, which we will denote by E. If 
is a perfect resolution of £*, then E is isomorphic to the quotient 
Fi/Fq, where Fj := Spec5ym^~*. 

By the work of Kresch we have: 

Theorem 1.3. Let X a scheme, and let pr : E ^ X be a vector bundle 
stack of rank r on X . The pull-back morphism 

pr* : A^{X) — > A^+r{E) 

is an isomorphism of Abelian groups. 

Proof K, Thm.2.1.12]. □ 
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Notation 1.4. Given a scheme X and a vector bundle stack pr : E ^ X 
of rank r on X, we denote by 

O-E-.A^+riE) -^A,{X) 

the induced morphism. 

Let again X be a scheme over Y. These data define the relative intrinsic 
normal cone ^x/Y ( |BFj ): it is an Artin stack over X of relative dimension 
over Y. 

Definition 1.5. Let X — > 1" be a morphism of schemes, and let £' be an 

object in the derived category D~{Ox)- Suppose, that h^{£*) = for i > 
and that h^{£') is coherent for i = —1,0. A morphism (p : 8* — > ^x/Y 
is called a relative obstruction theory for X over Y, if h^{(p) : h^{£') — > 
/i'^(£^yy) is an isomorphism and h~^{ip) : h~^{£*) — > /i~"'^(£^^y) is an 
epimorphism. An obstruction theory for X is a relative obstruction theory 
for X over Y = SpecC. 

Let (/3 : f * — > 2i'^/Y ^ relative obstruction theory. Then the induced 
map 

f*{ip):E^t\r£'^^y,J)^ExtHr£',J) 

is injective and 

ri^) : ExtO(/*£;,/y, J) ^ Ext%r£\J) 

is a bijection. This implies that a morphism f : T ^ X extends to a 
morphism/ : T ^ X if and only if f*{^p){o[T f]) G Ext^{f*£',J) 
vanishes. If this is the case, then the set of extensions is a torsor under 
Ext°{f*£',J). Conversely, we have the following criterion: 

Theorem 1.6. Let X be a scheme over Y . Suppose £* is an object in the 
derived category D~{Ox) with vanishing cohomology in positive degrees and 
coherent chomology h^{£*) for i = —1,0. 

A morphism ip : £' ^ ^*x/Y ^"^ ^ relative obstruction theory if and only 
if for all morphisms f : T ^ X , for all coherent Ox-modules J , and for all 
square-zero extensions T ^ T over Y with ideal J the following conditions 
are satisfied: 

i) The morphism f : T ^ X extends to a morphism f : T ^ X over 
S if and only if f*{ip){o[T f]) G Ex.t\f*£',J) vanishes; 

ii) The map f^l^p) : Ext°(/*£;^/y , J') ^ Ext^{f*£',J) is a bijection. 

Proof |BF| Thm.4.5]. □ 

Remark 1.7. Let : f * — > ^x/Y ^ relative obstruction theory. Then 
for any morphism f : T ^ X, the functor Ext^ (/*<?*, — ) is an obstruction 
theory in the sense of Buchweitz-Flenner |BuF| Def. 6.10, 6.14]. If in ad- 
dition £* is of perfect amplitude contained in [—1, 0] and Y = SpecC, then 
h^{£*'^) is an obstruction theory for X in the sense of Li-Tian [LTj . 
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Let (/9 : — > £^/y be a relative obstruction theory, and suppose that 
£' is of perfect amphtude contained [—1,0]. Then the obstruction theory 
defines a closed embedding 

Definition 1.8. Let X ^ y be a morphism of schemes, and fix a relative 
obstruction theory ip : £' — > ^'x/y Suppose that £' is of perfect am- 
plitude contained in [-1,0] and that Y is of pure dimension I. The virtual 
fundamental class of X with respect to the obstruction theory (p is 

Let now X be a scheme over a base scheme Y of pure dimension and 
let if : £' — > ^"x/Y ^ relative obstruction theory for X over Y . Suppose 
that £* admits a perfect global resolution 

r = [T-^ ^ J^] ^ £\ 
Set Fi := Spec SymJ^~^ , and denote by the induced morphism T* — > 

^X/Y- 



^x/Y ^Fi/Fo 

Then C{ipjrm) is a closed subcone of Fi of pure dimension / -|- rkFo. The 
virtual fundamental class [X, V'] is the intersection of C{ipj^') with the zero 
section of Fi: 

X -C((^^.) 



1.2. First properties of virtual fundamental classes. 

Proposition 1.9 (Locally free obstructions). Let : £* — > ^x/Y ^ 
relative obstruction theory for X over an equidimensional scheme Y , and 
suppose that £' is of perfect amplitude contained [—1,0]. 

i) Ifh^{£''^) = 0, then X is smooth overY and [X,ip] = [X], the usual 
fundamental class of X. 

ii) If X is smooth over Y, then h^{£'^) is locally free and [X^^p] = 
Cr{h^{£''^)) n [X], where r = rk h^{£'^). 

Proof. jBF| Prop. 7.3] □ 
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Proposition 1.10 (Base change). Let 




be a Cartesian square with equidimensional base schemes Y and Y' . If 
ip : £' — > ^'x/Y ^'^ ^ relative obstruction theory for X over Y , then the 
induced morphism ip' : j'*£* — > ^*x'/Y' ^ relative obstruction theory for 
X' over Y' . If ip admits a perfect global resolution, then so does ip' . 
If in addition j is flat, or j is a regular local immersion, then there is an 
equality of the corresponding virtual fundamental classes 

f[X,ip] = [X',^'], 

where j' denotes the refined Gysin map A^,{X) — > A^,{X'). 

Proof jBEl Prop. 7.2] □ 

Proposition 1.11. Let ip : £' ^ be a perfect obstruction theory for 
a scheme X, and suppose that X can be embedded into a smooth variety. 
Then 

[x,v.] = (c(r^)-inc.(x))^ 

where c*(X) is Fulton's canonical class. 



'vk£' 



Proof S, Thm.4.6] 



□ 



Remark 1.12. It follows that the virtual fundamental class depends only 
on the complex £* and not on the morphism ip : £* ^ £^ when X can be 
embedded into a smooth variety. If X is proper, then there is also a direct 
argument for this observation: Let ipQ : £* ^ and ipi : £* ^ be two 
obstruction theories, and set ipt : {1 — t)ipo + tipi. Then for almost all t £ C, 
ift is an obstruction theory. Hence, if — > J-^ is a global resolution of £*, 
we obtain a family of cones Ct in the vector bundle Fi dual to J^^^. This 
family is defined for all t in a Zariski open subset of P^, which contains 
and 1. By taking the closure in X Fi, we obtain a family of cones over 
P^. Hence the classes defined by Cq and Ci in the Chow group of Fi agree. 

1.2.1. The basic example. Let 




be a Cartesian diagram of schemes. Compose the morphism 



fl* ri» , ri» 
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with 

and let £' denote the mapping cone of 
Let A* be the mapping cone of 

ft* ri» , ri» 

Then we have the fohowing diagram 

f'*^Y/W ^ ^'x/V ^ A' ^ /' -^y/H/I^] 



^x/v 



[1] 



VI- [1] 



where the dotted arrows exist according to the octahedral axiom |H2[ p. 21]. 
Proposition 1.13. Let 




he a Cartesian diagram of schemes. The induced morphism (p : £' — > £^ 

is an obstruction theory for X. If V is smooth and Y — ^ W is a regular 
embedding with ideal sheaf J', then J j j"^ is a locally free sheaf on Y and 
f* J I J'^ — > g'*^v is a perfect global resolution of £* . If in addition W is 
smooth, then we have 

[X,v]=g-[V], 

where g' denotes the refined Gysin map A^{V) — > A^{X). 

Proof jBFl p.81]. □ 

Corollary 1.14. Let E ^ V be a vector bundle on a smooth variety, and let 
^ be a section. Then the zero locus Z{S^) comes with a preferred obstruction 
theory, and the associated virtual fundamental class is the localized Euler 
class of E. 
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Proof. The following diagram is Cartesian: 



^(0 

3 



V 



E 



Therefore our claim is a direct consequence of the above proposition. □ 

1.2.2. Associativity. 
Lemma 1.15. Let 

0-^ E' E-^ E/E' 

be a short exact sequence of vector bundles on a scheme X, and let ^ be a 
section of E. Denote by ^ the induced section of E/E' , and by ^' the induced 
section of E'\^f^^y Then the diagram 

A,[X)^A,{Z{0) 
A,{X)—^A,[Z{i)) 

commutes. 

Proof. Consider the diagram 

z{0 -z{i) -X 



z{0 



E' 



z{0 



X ^E' 



X 



E 



'e/e' 



E/E', 



where all squares are cartesian. By |Fu[ Thm. 6.2(c)], we have O'^, = O'x e' 



^1^1 — a'. Therefore the functoriality of refined Gysin maps [I'Yil 



and 

Thm. 6.5] implies 



a 



□ 
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Corollary 1.16. Let 



0^ E' ^ E ^ E/E' 



be a short exact sequence of vector bundles on a scheme X, and let ^ he a 
section of E. Denote by ^ the induced section of E/E' , by ^' the induced 
section of E'\^^^^y and by l the inclusion Z[^) ^ ^(0- ii^iO]] '^'^^ 
be the localized Euler classes of the zero loci. Then 



and 



mm]] = ctoAE')n[[z{m- 

Proof. This is an immediate consequence of the above lemma. 



□ 



For a more general statement concerning associativity (or functoriality) 
of virtual fundamental classes, see |KKPl Thm.l]. 

1.2.3. Excess intersection. 

Proposition 1.17. Let ip : £■* ^ ^x/Y obstruction theory for a 

scheme X over a scheme Y of pure dimension d, let T' = \J-~^ — > J-^\ 
be a perfect global resolution of £* , and let ipjr* : JF* — > £^^y be the cor- 
responding morphism. Suppose that there exists a subvectorbundle Gi C 
El := Spec SymT~^ such that C{ipjr') is contained in Gi, and denote by 
{X} E Ad+rkFo-rkGii^) cyclc class obtained by intersecting G{ipj^') 
with the zero section of Gi in Gi . Then the virtual fundamental class [X, if] 
of X with respect to the obstruction theory ip is given by 

[X,ip]=ctop{Fi/Gi)n{X}. 

Proof. Consider the following Cartesian diagram 




where Ogi and Opi are the zero sections of the corresponding vector bundles. 
By definition, we have 

{X} = O^JC((^^.)] 

and 

[X,^]=0'p^[C{M]. 
Hence our claim follows from .Fu, Thm.6.3]. □ 
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2. HiLBERT SCHEMES 

2.1. An obstruction theory for Hilbert schemes. In this section we 
want to construct an obstruction theory for Hilbert schemes in the sense of 
Behrend and Fantechi. An essential ingredient in our construction is the 
fohowing result of Flenner. 

Theorem 2.1 (Flenner). Let h : M — > N he a flat proper morphism of 
schemes. If N has a dualizing complex, then there exists a functor 

Lh^:D-{M)^D-{N) 

satisfying the following properties: 

(i) for T* € D^{M) and Q* € D^{N) there exists a natural isomorphism 

RKRHomM{J'*,h*g') ^ RnomN{Lh^T\G'); 

(ii) if 



h' 



N 



N'- 

is a Cartesian square, then there exists a natural isomorphism Lk*Lhf^ 
Lh'Lk'*. 



Proof. F, Satz 2.1]. 



□ 



For the remainder of this section we assume that v -.V ^ S \s a, flat pro- 
jective morphism. We fix a relatively very ample sheaf Oi/(l), a polynomial 
P, and denote by Hilby^^ the corresponding relative Hilbert scheme. LetW 

be the universal subscheme of Hilby^^. ^s^'- 



W- 




Hilb 



v/s 



V 



s. 



We get a natural morphism 



p 

v/s ■ 



-1] 



On the other hand we also have a canonical morphism 



V/S IS ''^Hilb^/.jXsV/V" 



which is an isomorphism, since v is flat. So we obtain a morphism 



W/s ■ 



-1] 



By assumption, the scheme S is of finite type over C, hence admits a du- 
alizing complex |H2l p. 299]. Since the relative Hilbert scheme Hilby^^ is 
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of finite type over S, and S is Noetherian, also Hilby^^ admits a dualizing 
complex |H2l p. 299]. So we are in the situation of Thm. I2.1l and may apply 
the functor Lvth to the morphism above. We obtain a morphism 



(2) f.LTt^i^' 



xsV 



[-1]) 



Hilb^/s /S' 



-^Hilb^/s/S' 



where the second morphism is the canonical morphism associated to a pair 
of adjoint functors. Put £* := Lvfjj ^^.j^p ^^^["l])- We will prove that 

the morphism ip : £* ^ £* .„ p is a relative obstruction theory. To 

^ Hiib(;/g/s 

this end we need a few preparations. First, a result of Illusie: Consider 
morphisms 

X 
f 
Y 



S, 

coherent sheaves Z and J' on X and Y, and a morphism u : J 
Define the following map: 

/i : Exti(£^s,:7) ^ Exti(/*£^5,r:7) ^ Exti(/*£^/s,X) ^ Ext2(£;,,^,2:) 



Theorem 2.2 (Illusie). Let Y ^ Y be a square-zero extension over S with 
ideal J . There exists a square zero extension X ^ X with ideal Z and a 
morphism f : X ^ Y such that 

• the following diagram commutes 




• and gives rise to a morphism of extensions 

J Oy Oy - 







f*o 



X 



Ox 



if and only if lJi\Y -^Y] ^ Ext^(£^^y,Z) vanishes. If iJi\Y -^Y]=Q, then 
the set of isomorphism classes of pairs {X,f) is an Ext"'^(£^yy,I)-torsor. 

Proof i Thm.III.2.1.7]. □ 
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Now fix a scheme T over S and a morphism f : T ^ Hilbyy^, and let 
Wt C TxgV he the subscheme corresponding to /. We obtain the following 
commutative diagram: 



Tx.V 



miht;,^ xsV 



Wt 









F 










1 


n 




Consider the composition 
A : E^t\£'T^^y^y,7T*TJ) ^ Exti(i^£^ 



xsV/V 



Lemma 2.3. Let T ^ T be a square-zero extension over S with ideal J . 
The morphism f : T ^ Hilby^^ extends to T if and only if 

X[TxV ^fxsV]e Ext\£'y^,^/T>csvXTJ) 

vanishes. If X[T x V ^ T xg V] = 0, then the set of extensions f : T ^ 
^ an Ext^{£'^^^j,^^y,lf*j,J)-torsor. 



Hilbyy^. IS 



Proof. We apply Illusie's theorem to the following situation: 

Wt 



It 

TxsV- 



V 



TxsV 



where 

is the canonical adjoint morphism. If Wt ^ T xgV defines a morphism 
f : T ^ Hilby^^ which extends f : T ^ Hilby/^, then the inlusion Wt — > 



V/S' 



Wt is a square-zero extension with ideal sheaf If^J', since Wt — > T is flat. 
Conversely, if we have a square-zero extension Wt Wt with ideal sheaf 
If^J' and a morphism Wt ^ TxsV satisfying the two conditions of Illusie's 
theorem, then Wt ^ T is flat Lemme III. 2. 1.1.1]. Therefore, 



Wt 



T XsV ^TxsV 

defines a morphism f : T ^ Hilby^^ which extends f : T ^ Hilbyy^. □ 
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Theorem 2.4. Let v : V ^ S be a flat projective morphism, and put 
■= ^^^('^w/Hiib^/^ x^y [-!])• morphism ^ : E' ^ -^ffiib^/^/s ^^^"^^ 
in ^ is a relative obstruction theory for the relative Hilbert scheme Hilby^^. 
over S. 

Proof. We will check the conditions i) and ii) of Behrend-Fantechi's criterion 
fThm.mH). 

i) Note that the canonical morphism 

( ■ ^*-^W/Hilbf„<, xcV ~^ 



P 

v/s 



is an isomorphism since both V ^ S and W Hilby/o are flat. Analogously 



to ifi : £* -2*,.,, p ,„ we define a morphism 

Hilb{;/g /s 

Since the diagram 

Wt ^ W 



TxsV >-Bilh^/s^sV 

is Cartesian, naturality of Flenner's functor yields canonical isomorphisms: 
f*S' = /*(L^tt(£;/Hnb-,x,v[-l])) 

- ^*(^^rtt(^w/Hiib^/5Xsy["^])) 

- ^^Ttt(-C^j,/Txsy[-l]) 

Using again the naturality of the functor Lvfjj we see that the following 
diagram commutes: 

(3) f*£' '-^r^mK,,/s 



Let T — >■ r be a square-zero extension over S with ideal J^. We want to 
show that the element 

f*iip)io[T^f])eExt\f*£',J) 

vanishes, if and only if the morphism f : T ^ Hilbyy^ extends to a morphism 
f : T ^ Hilby^^. The canonical isomorphism 
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induces an isomorphism 

^^t\£.l,^,T^^yXTJ) - Exti(L^Ttt(ii'H.,/Tx,y[-l])'^) ^ Exti(/*^',:r). 

Using Lemma [2.3l it suffices to show that the element \\T ^ gV ^ T gV] £ 
Ext\£'^^^^^^y,7T*TJ) is mapped to n^){o[T ^ f]) G Ext\r£\J) 
under this isomorphism. Commutativity of the diagram (jSJ yields that the 
following diagram commutes: 



Ext"'"(7f^£^y(j, vf^iT") ■< Ext"'"(7r^£^y_g,, tt^J^) 

Ext'(^'H/,/Txsy'^r^) -Exti(/*^, J) 



Since 



is a Cartesian diagram, the extension classes [T — s- T] and [T X5 1/ — 
T X5 y] define the same element in Ext^(7r^£^^^, tt^J). Hence the element 
A[r XsV XsV]e Ext2(£;^^/^^^^,7f^J) is mapped to 
f*{ip){o[T f]) G Ext^ (/*£:•, J') under the isomorphism 

Ext2(£«^^/^^^^,7f^J) ^ ExtH/*^', J). 

ii) Now we want to show that 

: ExtO(r£^.j^^p^^/^, J) Ext'^ifS^J) 

is a bijection. By Lemma l'2. 31 there exists a bijection 

Ext°(/*-CHiib^^g/5'^) — ' Ext^(£^^/j,xsV'^T^) 
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which we wiU denote by ^. Therefore it suffices to show that the following 
diagram commutes: 



C 



Ext (F*£^^jj.j|^p^^^^^,7r^J) 



Denote by Tq the trivial square-zero extension of T with ideal JT", fix an 

element 

(/ : To ^ mh^/s) e ExtO(/*£^.^,p J) = Dero,(OHiib^^,, /. J), 



be the canonical map. 
First we want to describe the image of / : Tq — Hilby^^ under the 



set W := /*W, and let F : 

First we 
composition 



c 



Ext^(F*£* 



Tf*TJ)- 



Consider the following (non-commutative) diagram: 



W 



Wt 



V 



Hilb^/5 



Here the map Tq ^ T is the projection of the trivial square-zero extension. 
In particular, the composition Tq — > T — > Hilb^^^ is not in general the map 

/. This diagram gives W the structure of a square-zero extension with ideal 
sheaf 7f5^i7 over the product Hilbyy^ xgF; we denote its class by 



a e Ext^(£' 



Let 



,7f^^)^Ext^(F*£; 



'Hilb: 



be the canonical map. Note that the map 

C : E^t\Sl'^^^^,^yXTJ) - Exti(F*ii;/„.^^p^^ xsV'^tJ) 



POINCARE INVARIANTS 



23 



f actor izes as follows: 



Exti(£« 



WT/mvoP/g xsV 



o 



Ext^(F*£; 



'Hilb 



V/S ' 



Therefore the image of / : Tq — > Hilby^^^ under the map C o ^ is 

o{a). 

Let Wq := Tq x Wt be the trivial square-zero extension of Wt with ideal 
If^J. The following diagram 



Tn 



Wt 



V 



Hilb 



v/s 



gives Wq the structure of a square zero-extension over Hilby^^ x^F. Denote 



its class by 



rM(/:ro^Hilbf 



Using III. 1.2. 5. 4] we see that 

= -o{fi). 
Therefore we have to show that 

o{a) +o{l3) = 0. 

Claim: The element a + (3 \s represented by the following commutative 
diagram: 

F 



w' 



Tn 



Wt 



T- 



V 



Hilb^/s 



Proof of the claim: Consider the structural morphisms 



Q ^lf*TJ ^ ^ Ow ^ Q 



and 
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of the square-zero extensions W ^ W and W —i- Wq. We define the foUowing 
three maps: 

q : Ow ® (t^tJ ® Ow) — > Ow, 

i : WtJ — ^ OvK ® (t^tJ © C)w) 

and 

r : Ow ® {tttJ ® Ow) O^ 

Sl®{t®S2) I — > si+ja{t). 

Note that the natural maps 

^Hiib^/^ -^<^w® i^rJ © Ow) 

and 

Cw — >Ow® {tTtJ © Ow) 
factor through the inclusion ker(g) ^ © (tT^ J" ® Ow") and hence define 
morphisms 

^Hiib^/^ ^ker(c?)/Im(i) 

and 

Cw — ker(q')/Im(z). 
With these maps the extension representing a + (3 \s given by the diagram 



t^tJ ^ ker(g)/Im(z) ^ Ow- 



The composition 

ker(g) 0,;^ © {t^tJ © Ow) ^ Ow 
induces an isomorphism of square-zero extensions 

ker(g)/Im(z) ^0^. 

Using this isomorphism we obtain maps W andW ^ Hilb^/5 and 

one checks that they coincide with F -.W and the composition W — > 

T Hilbyy^. This proves our claim. 

Since F : Wt W extends to the morphism F -.W over Hilb^y^ 
we find 

o(a + /3) = 0. 
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□ 

Lemma 2.5. Let v : V ^ S be a projective morphism, and let g : S' S he 
a base change. Set V :=¥ xs S' . Then there exists a Cartesian diagram: 



s' — 

Proof. Composing the forgetful functor 

(Schemes /S') — > (Schemes / S) 

with the functor 

Hilbf^/y : (Schemes / S) — > (Sets)° 

yields the functor 

Hilb y/ /g/ : (Schemes /S*') — > (Sets)°. 

Our claim follows immediately. □ 

Proposition 2.6. Let v : V ^ S be a flat projective morphism, and let 

g : S' ^ S be a base change. Set V := V xs S' . Denote by ip : £* — > 

£*^.„ p and uJ : £'* — > £* .„ p the relative obstruction theories, 

Hilb(;/g/S ^ Hilb^,^_g, /5' 

and by g' : Hilby,^^, Hilby^^. the induced morphism between the Hilbert 

schemes. Then there exists an isomorphism g'*£' ^—>- £'* such that the 
following square commutes: 

9'*V fJ* 



g' — ^ ^ Hiib^/g /s 



£'* ^^Hilb^,/g, IS'- 

Proof. Let gy : V ^ V the natural map. Since w : F — > 5 is flat, the 
morphism 

Qv^vis ~^ ^V' IS' 

is an isomorphism. Hence our claim follows from the functoriality of the 
functor L7f(t [El Satz 2.1]. □ 

2.2. Hilbert schemes of divisors on smooth projective varieties. 

Next we want to give a description of £* in more accessible terms in the 
case where we are looking at divisors instead of general subschemes. In 
order to do this, we need the following lemma, which was suggested by 
Flenner. 
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Lemma 2.7. Let h : M — > N be a flat proper morphism of schemes, 
and assume that N has a dualizing complex. If h is Gorenstein of relative 
dimension d, then there exists for any object € D~{Om) an isomorphism 

where LOh is the relative dualizing sheaf of h. 

Proof. Fix a dualizing complex on N . By the explicit description of the 
functor L/i(( given in jFj, we have 

Lh^[T') = RnomN{RKRnomMiJ^',h*Silf),R%) 

^ RHornNiRKRHomMiT* (gi oJh[d],h* ^ LOh[d]), ^*n). 

An application of relative duality (H2 , III Thm.11.1] yields 

Lh^{T*) ^ RnomN{RnomN{RK{T* ®voh[n]),^N),^N) 

□ 

Theorem 2.8. Let v : V — > S be a smooth projective morphism of rela- 
tive dimension d. Fix a polynomial P such that Hilbyy_g parametrizes di- 
visors. Denote by ooy/s the relative dualizing sheaf of V over S and by 
D the universal divisor on Hilbyy^ x^F. Let pr : Hilby^^ V and 

TT : Hilby^^ ~^ ^^^^v/s projections, let i : O ^ Hilby^^ be 

the inclusion, and set vf := vr o i. Then there are isomorphisms 

£• ^ {R-Tr,Oo{B)y, 

£' = R'nMom{Oo,0{-B)(gpr*uJv/s)[d], 

and 

£• ^ R'Tt4i*pr*uJv/s)[d - I]- 
Proof. Since i is a regular embedding, we have 

^;/Hilb-/,xs5[-l]=^»(-ID')- 
Hence, the previous lemma implies 

£' ^ Rk, [ujn/s ^ OD(-ro)) [d-l], 
which, by relative duality, yields 

£' ^ {R'^,On{B)Y , 

or equivalently 

(4) £' ^{R'Ti,On{J})y . 

On the other hand, we have 

which shows 

r^R*^, {i*pr*iOv/s) [d-l]. 
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By applying relative duality with respect to the projection tt to equation 
we obtain isomorphisms 

£' ^ R'ttMoiti {Oo{J}),pr*uJv/s) [d\ 

and 

£' ^ R'TTMom {Oo,0{-B) (S)pr*uJv/s) [d]- 

□ 

Let V : V — > 5 be a smooth projective morphism of relative dimension d, 
and let -P be a polynomial such that Hilby^^ parametrizes divisors. Then, 
by Thm. [TH and Thm. we obtain an isomorphism 

^Hiib^/^ /s = 0{-B) pr*u;v/s)- 

This is a special case of Lehn's description of the cotangent sheaves of Quot- 
schemes |Le[ Thm 3.1.], since Hilby^^ is a Quot-scheme with universal object 

— > 0{-B) — >0 — >Oo — >0. 

Proposition 2.9. Let v : V — > S be a smooth projective morphism of rel- 
ative dimension d. Fix a polynomial P such that the relative Hilbert scheme 
Hilby^g parametrizes divisors. Let k be an integer such that for any point 

D € Hilby^^g and all i > k we have H^{Od{D)) = 0. Then for each p G S 
there exists an open neighbourhood U C S such that £'\u has a global reso- 
lution of perfect amplitude contained in [— A;,0]. 

Proof. First we show that the complex R'^^^,On{0) has, locally with respect 
to the base scheme S, a global resolution of perfect amplitude contained in 
[0,d-l]. 

When d = 1, the higher direct image sheaves R^Tr^:Oo{^}) vanish for i > 1, 
and i?*7r*Co(I5') — '^*Oj]j(JQ>), considered as a complex concentrated in degree 
0. Moreover, the sheaf iT<t:0^{]D)) is locally free |H11 Thm.III.12.11]. Suppose 
now d > 1 and fix a point p € S. Let Oy(l) be a relatively ample sheaf. 
By upper semicontinuity, there exists an / > > and an open subset U' C S 
containing p such that the following conditions are satisfied: 

• for alH > and for all D G Hilb^ we have H'{Od{D){1)) = 0; 

• for all D G Hilb^^^/j^, we have H^{0{D){-1)) = 0. 

Without loss of generality, we may assume that Oy{1) is relatively very 
ample. Let j : V ^ U' x he, the corresponding embedding. By Bertini's 
theorem, there exists a hyperplane if C P" such that if n is a smooth 
connected divisor. Since v :V ^ S is smooth and proper, there is an open 
subset U" C U' C S containing the point p such that for all p' E U" the 
intersection H dVp' is a smooth connected divisor in Vp/ . 

Set M := Hilb^^„/j;„ Xu"iiU" x H) n Vu"). Since for ah D G Hilb^^„/^„ 
we have H°{0{D){-1)) = 0, the intersection Bu" n H C H is a divisor, fiat 
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over Hilby^^^y^,,. This implies that the fohowing sequence is exact: 

^ Oo^„ {Ou") ^ Ob^„ (Dc/" + H) ^ CD^„nH(©c/" + H) ^ 

The sheaf vr^Oo^,, (D^/" + H) is locally free, while the higher direct im- 
age sheaves i?*7r^,Oi])j^„ (©[/" + H) vanish for i > 1. Note that the sheaf 
0-Bi^„rm(Pu" + is the restriction of the invertible sheaf OhII^c/" + H) to 
the divisor D[/// fl H C H which is fiat over Hilhy^^^ . By recurrence, we 
find that there is an open subset U C U" containing the point p and a global 
resolution 

{R'Tr*On^„nB.)\u = f^'^. 

Then 

:= n,0„^„(S}u'' + Il)\u ^ ^1 ^ . . . ^ ^<^-i 

is a global resolution of the complex {R*7r^,Oo{in>))\u by locally free sheaves. 

Suppose now that for some k we have W{Od{D)) = for alH > and 
for all D G Hilb^^^. Then the direct image sheaves i?V*OD(]D)) vanish for 

alH > k. Therefore the kernel of the map 

Sk . j^k ^ -pk+i -g locally free, 

and the complex 

^ . . . ^ F''-^ ^ ker 6'' 
is a global resolution of (i?'7r*C>D(If))|;7 by locally free sheaves □ 

3. Curves on surfaces 

In this section, all surfaces will be smooth, projective, connected, and 
defined over C. 

3.1. Virtual fundamental classes for Hilbert schemes of curves on 
surfaces. 

Definition 3.1. Let V ^ S he a smooth family of surfaces, and suppose 
that S is connected and of pure dimension. Fix a class m G H'^{S, R'^v^'Z). 
Then 

[[Hilb^/^]] G ^*(Hilb^/^) 
is the virtual fundamental class defined by the obstruction theory 

US = SpecC and m G H^iV,Z), then we denote by [[Hilb^]] := [[Hilb^^^]] 
the virtual fundamental class of the Hilbert scheme Hilby . 

Note that 

[[Hilb^]] G^ ^(^-fe) (Hilb^). 
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Proposition 3.2. Let V ^ S be a smooth family of surfaces, and suppose 
that S is connected and of pure dimension. Fix a class m S H^{S, R'^v^^'Z). 
Let S' be a another connected scheme of pure dimension, and fix a morphism 
j : S' ^ S. Set V := V X g S' and m' := j*m. If j is flat or a regular local 
immersion, then 

[[Hiib^:/^,]]=j![[Hiib^/^]]. 

Proof. This is a direct consequence of Prop. [TTTUl and Prop. □ 

The following simple corollary will be of particular interest to us: 

Corollary 3.3. Let V S be a smooth family of surfaces, and suppose 
that S is smooth and connected. Fix a class m G H^{S, R'^v^^Z). Let s £ S 
be a point, and denote by jg : {s} — > 5 the inclusion. Then 

[[Hilb^/^^]]=ji[[Hilb^/5]]- 
Proof. Since S is smooth, the embedding jg is regular. □ 

3.2. A second obstruction theory on projective surfaces. Let V be 

a surface, and let m € H'^{V,'Z). Fix an effective Cartier divisor H C V, 
and set h := ci{Ov{H)). Denote by ID the universal divisor on Hilb™ xV 
and by D the universal divisor on Hilb™+'' xV. Put M := Hilb^ xH C 
Hilb'^ and M := Hilb;;^+'' xH C Hilb™+'' xV. Let vr be the projection 
Hilb^ xV ^ Hilb^;?, and let it be the projection Hilb^+'* xV ^ Hilb™+'*. 

By adding the fixed divisor H to a divisor D E Hilb™, we obtain an 
inclusion of schemes j : Hilby ^ Hilb™'*'''. Composing the inclusion O — > 
0(0) with the restriction map C(D) 0^{0) defines a global section 

s G H'^{n^O^{n). Let p : Hilb;7+'' xV ^ V he the projection onto V. By 
relative duality, we have an isomorphism 

f^*C|j(ro) ^ (i?^^,p*/Cy(i-B)| 

Proposition 3.4. Let V be a surface. The morphism 

j : Hilb^ mih'^+'' 
L> I — > D + H 
is a closed embedding, and the following sequence is exact: 

R^iT,p*ICv{M - B)||j ^ (^mih^+'^ j*Om\h^ 0. 

Proof. Let be a scheme, and let D be a divisor on S xV corresponding 
to a morphism a : S Hilb™'^'^. Put Hs := S x H and denote by vrg the 
projection S x V ^ S. 

Since the sheaf i?^7r*p*/Cy (H — B)jg has the base change property |H11 
III, Thm.12.11], the pull-back of the section 

s : R^n^p*ICv{M-n)L O 
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corresponds to the push-forward by its of the composition of 

O 0{D) 

with the restriction map 

0{D)^Ohs{D). 

So we see that the morphism a factors through the inclusion Z[s) ^ 
Hilb^;^+'' iff the morph ism of sheaves O — > 0{D) factors through 0{D — 
Hs) — > 0{D). This proves our claims. □ 

Denote by k the first Chern class of the canonical line bundle Ky- 

Lemma 3.5. Let V he a surface, and let m € H'^(V,Z). The following 
conditions are equivalent: 

i) H^{Ov{D)) = VL> e Hilb^; 

ii) R^-K^O(B) = 0; 

iii) The fibered product Hilb™ Xpi^™ Hilby""^ is empty. 



Proof. The equivalence of the first two statements follows from jHll III, 
Thm.12.11], while the first and the third statement are equivalent by Serre 
duality. □ 



Lemma 3.6. Let V be a surface, and fix m £ H'^(V,Z). There exists a 
smooth effective divisor H CV such that H^{C{H)) = for each [C] £ Picy 
and for all i > 0. 



Proof. Choose an effective ample divisor E on V. Upper-semicontinuity of 
cohomology implies that for / large enough we have 

h\C{lE)) = V[£] € Pic^?, i = 1,2. 

Moreover, if IE is very ample, Bertini's theorem implies that a general ele- 
ment of the total linear system of IE is a smooth curve on V . □ 

Lemma 3.7. Let V be a surface, fix m £ ii'^(y,Z), and let H C V be a 
smooth effective divisor such that H^{C{H)) = for each [C] G Picy and 
for all i > 0. Set h := ci{Ov{LL)), denote by B the universal divisor over 
Hilb^+^, by M the divisor mih'^+'' xH, and let ^ : Hilb;;?+'' xV ^ Hilb;;?+'' 
be the projection. If the fibered product Hilby Xpic^ Hilby~™ is empty, then 
the exists a Zariski open neighbourhood U o/Hilby C Hilb™"'''* such that the 
restriction R^TT^O^{p)\u vanishes. 

Proof. Let D £ Hilby be a divisor. Then H^{Ov{D + H)) vanishes by our 
assumption on H, while H^{Ov{D)) vanishes since Hilby Xpic,™ Hilby""* is 
empty. Hence we have H^{Oh{L) + H)) = 0, and our claim follows by upper 
semicontinuity. □ 
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The short exact sequence 

^ O ^ 0(B) ^ Oo{B) 

induces a morphism R'TT^Oj]j{0) — > R'tt^:0[1]. We denote by x its compo- 
sition with the cut-off i?*7r^,0[l] ((T>2-R'7r*0)[l], and define C to be the 
mapping cone of shifted by —1. Then the fohowing triangle is distin- 
guished: 

a>2R'TT,0 




Proposition 3.8. Let V be a surface, and let m € H'^{V,Z,). The com- 
plex C has a global resolution of perfect amplitude contained in [0, 2] . // 
the fibered product Hilby Xpi^m Hilby"™' is empty, then there exists an ob- 
struction theory (p '■ R'Hom{C', O) -^HUb^ '^'^^ complex RTlom{C*, O) 
admits a perfect global resolution. 

Proof. The complex R'TT^OniJi) has a global resolution of perfect amplitude 
contained in [0, 1], while cr>2-R*7r*0 can be represented by a locally free sheaf 
in degree 2. This proves the first claim. 

Suppose now that the fibered product Hilby Xpic^ Hilby""* is empty, and 
choose a smooth effective divisor H G V such that H^{C{H)) = for each 
[C] G Picy and for all i > 0. Consider the following short exact sequence of 
sheaves on Hilb™: 

^ Od(ID)) ^ OD+e(ID) + M) ^ Oh(ID) + M) ^ 

By our assumption on the divisor H, the Hilbert scheme Hilb™^'^ is smooth, 
where h := ci{Ov[H)). In particular, the sheaf vr^Ou+eClI' + H) is locally 
free and has the base change property. By Lemma l3 . 71 there exists a Zariski 
open neig hbourhood U of Hilb^ C Hilb^+^ such that 

(i?l*,((p*/Cy(i-B))|g)) \u 

is locally free. Using Lemma 13.41 we see that Hilby C ?7 is the zero locus 
of a section in a vector bundle. Moreover, 7r*OH(D -|- H) is locally free, 
has the base change property, and represents the complex R*■K^,0^{J]) + 
Therefore, there is an obstruction theory 

(7r,OD+e(ID) + M) ^ 7r,OH(B + H))'' ^ 2.'^^^^^. 

In order to prove the remaining two assertion, we have to show that 

7r,OD+H(ID) + M) ^ vr,OH(B + M) 

is a global resolution of the complex C* . 
Let 

u : i?'7r,OD+e(B + M) ^ cT>2i?*7r,0[l] 
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be the composition of the truncation morphism 

R'TT^Oo+miO + H) ^ a>iR*7r^Oo+m{n + M) 

with the isomorphism a>iR'TT^Oo+a{^ + H) ^ a>2R''^*0[l]. We are in 
the fohowing situation: 



C 

a>2R'7r^O[l] 
C'[l] 



■^7r,Oo+H(B + H) - 
R'7T,Oo+m{n + ^) 

V 



i?*7r,CH(ID) + M) ^i?*7r,OB(B)[l] 



7r,OD+e(B + H)[l] 



Here, the dotted arrows exist by the octrahedral axiom |H2l p. 21], and our 
claim fohows. □ 

Definition 3.9. Let y be a surface, fix a class m G Z), and suppose 

that the fibered product Hilby x pic^ Hilb^""" is empty. Then 

{Hilb^} G ^*(Hilb^) 

is the virtual fundamental class defined by the obstruction theory 

^ : RHomiC O) -Cffiib™- 

Note that 



{Hilb^} G A 



m{m~k) j^,p^(y^ (Hllby 



Theorem 3.10. Let V he a surface, and let m G H'^iV^'L) be a class with 
m{m — /c) > 0. Then the following holds: 

i) Ifpg{V) = 0, then [[Hilb^?]] = {Hilb^}; 

ii) Ifpg{V) > and the fibered product Hilby Xpic™ Hilby"™ is empty, 
then [[Hilb^]] =0. 



Proof. Let Tq ^ J^i be a global resolution of R'7r^Oj]){B>). We set: 



Qo '■= ^0 



R\,0) 



Note that Qi is a sub- vector bundle of J-'i since it is the kernel of a surjec- 
tive morphism of locally free sheaves. Moreover, the map JFq T\ factors 
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through Gi . Therefore Qq ^ is a global resolution of C , and the mor- 
phism C i?*7r*CiD)(D) is represented by 

Qo ^ Gi 



To ^ Ti . 

Let Fq, Fi, Gq, and Gi denote the corresponding vector bundles, and let if' 
be the composition 

if' — > RHomiC, O) — > ^Hiib-- 
One has the following diagram, where both squares are Cartesian 

C Gi Fi 



^Hiib™ Gi/Go Fi/Fo. 

Here ^mib™ is the intrinsic normal cone of the Hilbert scheme, and G is the 
closed subcone determined by the obstruction theories. We apply Prop. lTTTT] 
and Prop. [TTTl to conclude 

[[Hilb^]] = [Hilb^,(^'] 

= ctop{R^^*0)r\{Ym^}. 

Since R^ir^^O is a locally free sheaf of rank pg, our claims follow. □ 

3.3. A Porteous' formula. In this subsection, we prove a Porteous type 
formula for Hilbert schemes of curves on surfaces. This formula will later 
play a role in the proof of the wall crossing formula, but is of independent 
interest. We state our formula in terms of a modified Segre class. 

If £' is a vector bundle on a scheme, we denote by P{E) the associated 
projective fiber space in the sense of Fulton, i.e. P{E) := P(i?^). 

Definition 3.11. Let V be a smooth proper scheme of dimension d, and 
let [E — F] G K^{V) be a virtual vector bundle on V . The modified Segre 
class of [E — F] is 

min((i,d-l+rk([£;-F])) 

s{[E-F]):= ca-j{[F-E])n[V]. 

j=0 

Remark 3.12. If F = 0, then s{[E 1 - F]) = s{E) is the standard Segre 
class Fu, 4.1]. 

Proposition 3.13. Let V be a smooth proper scheme of dimension d, and 
let E, F he vector bundles on V . Denote by v : F(F) V the projection, 
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and put u := ci{Op^E){^))- Then 

s{[E - F]) = (^u' n {ctop{Op^E){l) ^ i^*F) n [P{E)])^ . 

Proof. This is a non-classical version of Porteous' formula. For a proof, see 
[El Thm.14.4]. □ 

Corollary 3.14. Let ip : E ^ F be a morphism of vector bundles over 
a smooth proper scheme V of dimension d. Let v : P{E) V be the 
projection, and denote by (p the induced section in the bundle Op(^E)iX)®^* P ■ 
Let i : Z{ip) P{E) be the embedding of the zero scheme of (p. Then 

Proof. Since = Ctop(C'p(£;)(l)'8^*-^)'~l[-P(-E')], this is an immediate 

consequence of the previous lemma. □ 

Fix a Poincare line bundle L on Picy x V , and let /i : Pic™ x 1/ ^ Picy 
and pry : Picy xV ^ 1/ be the projections. Consider the projective fibra- 
tion 

p+ : P ®pr;>/Cy)) ^ Pic^? . 

The canonical epimorphism 

~p\{P?li,[\y ®pr*yK.y))^0{\) 

defines a section <I> in the line bundle 

(p+ X idy)*(L) 

on P {T^ii^{\y pryJCy)) x V. Here n is the projection 

7f : P (i?2^*(L^ (g) pr^JCv)) X y ^ P «> prylCy)) . 

The vanishing locus of <I> is a divisor, flat over P (i?^^*(L'^ prylCy)^ 
Analogously, we obtain a divisor in P (i?^/i*L) x V. 

Lemma 3.15. The pairs 

{F {R^fi^h'^ (^pr^lCy)) ,D+) and (P , D") 

represent the functors Hilb y and Hilb y"'". When the Poincare line bundle 
is normalized, i.e. when L|pic,m x{p} — ^Picy for some point p , then 

^P(iJV*(LV(g)pr^/Cv))(^) — ^^^^)\¥{R■^^^,{ly®pr*yKv))■>i{p} 

and 
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Proof. Let S" be an arbitrary scheme, and fix a morphism f : S ^ Hilby . 
Denote the corresponding divisor on 5 x F by Dtp, and set -0 := p+ o ip^ 
where p+ : Hilby — > Picy is the map which sends a divisor D to the class of 
its associated line bundle [Oy(D)]. By the universal property of the Picard 
scheme Picy , there exists a line bundle T on S and an isomorphism 

0{D^) ^ (V' X /dy)*L prjT. 
Form the composition 

s:0^ 0{D^) ^{ipx Idvy'L^pr*sT. 
By relative duality, the section s corresponds to a morphism 

e : 'ilj*{R'^fi^(L'^ ®pr*ylCv)) ^ T 

Moreover, since D^p is flat over the morphism e is surjectivc, and hence 
defines a map S" ^ P (i?^^^,(L'^ pryKv)) ■ This shows that the pair 
(P Opr-^/Cy)) ,D+) represents the functor Hilb ;?. Analo ffous ar- 

guments show that the pair (P (i?^/x*L) , D~) represents the functor Hilb y~"^. 

To prove the second claim, we observe that by construction of the divisor 
D+ we have 

^{^^)\¥{B?ti,{iy®pr*yK.v))y.{p} - '^V{B?^l,{ly®pr*yK.v))^^) ® P+(I-|pic^ x{p})> 
and analogously 

C(^~)|p(ilV*L)x{p} = C>|p(il2;u*L)(l) ® pliprylCv ® L^)|pic- x{p}- 

Here p- is the projective fibration 

p_ : P(i?V*L) Pic^ . 

□ 

Proposition 3.16. Let V be a surface, and fix a class m G H'^{V,Z). 

Choose a Poincare line bundle L on Picy 'xV , and denote by ji the projection 
Picy xT/ — > Picy . Suppose we have a global resolution 

of the complex i2*/i*L by locally free sheaves. Denote by v the projection 
P(A^i) Picy, and let A be the section in Op(_y\4^)(l) ® v*{keiil)) induced 
by ^. Then there is a canonical isomorphism 

Hilb^ ^ Z{X). 

Proof. By relative duality, the complex 

is a global resolution of i?*jLt*(L^ 0pry]Cv)- In particular, we have 
cokerc^^ = i?^)U*(L^ (8)pry/Cy). 
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On P{A4i) = ¥{A4i), we form the composition 

Lemma l3. 151 implies, that there is a canonical isomorphism 

Hilb^ ^ Z(x). 

The morphism x factorizes through z^*A^2 ~^ coker The dual sheaf 

of coker is kerz^*^/;. Since u : P{A4i) Picy is smooth, we have 

keri/*'0 = z/*ker^/^. This proves our claim. □ 

Lemma 3.17. Let V be a surface, and fix a class m G H'^{V,7j). Choose 
a Poincare line bundle L on Picy xl/, and denote by fj, the projection 
Pic^?xF^Pic^. Let 

Ml ^M2^Mz 
be a global resolution of the complex i?*/i*L. If 

i) Hilb^-'" = or 

ii) the fibered product Hilby xpic"^ Hilby"™" is empty, m{m — k) > 0, 
and Hilb^ / 0, 

then ker-i/! C is a subvectorbundle. 

Proof. If Hilby""^ = 0, then by Lemma 13.151 the sheaf R^n^L, vanishes, and 
hence ^^J : — ^ -^3 is an epimorphism. In particular, the kernel of this 
morphism is a subvectorbundle. 

Suppose now that both Hilbert schemes Hilby and Hilby"™" are nonempty. 
Let Ui be the complement of the Brill-Noether locus of the map Hilb^-'" ^ 
Picy, and let U2 he the complement of the Brill-Noether locus of the map 
Hilby — > Picy. Then '4^\ui is an epimorphism, and hence ker-f/'lt/i C M.2\ui 
is a subvectorbundle. Analogously, is an epimorphism, and hence 

lm.(p\ij^ C M.2\u2 is a subvectorbundle. 

We claim: 

lra.ip\u2 = ker -011/2. 

Since the fibered product Hilby xpic^ Hilby"*" is empty, we have U1VJU2 = 
Picy . Hence is generically injective and ip is generically surjective. This 
yields 

rkfl'/i*L < 0. 

Conversely, since both Hilbert schemes are nonempty, the surface V is nei- 
ther rational nor ruled. This implies 

rkiiVL = x{Ov) + ^^ 

> xiOv) 

> 0. 

We now show that the induced morphism 

i! : {M2/lm^(p)\u2 M3\u2 
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is a monomorphism, which imphes our claim and ends the proof. We akeady 
know that {Ai2 / iina ^)\u2 is locaUy free. Moreover, since rki2*/i*L = 0, 
ip\uinU2 is an isomorphism, which imphes that ip is generically injective and 
hence a monomorphism. This proves our claim, which in turn yields that 
keic{ip) C AI2 is a subvectorbundle. □ 

Proposition 3.18. Let V be a surface, and let m E H'^(V,'I,). Fix a point 
p (zV and a normalized Poincare line bundle L on Picy xV. Denote by 
the morphism Hilb™ Pic™ . // 

i) Hilb^-"^ = or 

ii) the fibered product Hilby Xpi^,™ Hilby~™ is empty and m(m—k) > 0, 

then 

^^(ci(0(B)|Hiib-xM)rn{Hilb^?}j = s(a<ii?V*L). 

Proof. Fix a smooth effective divisor H C V, such that H^{C{H)) = for 
ah [C] G Pic^ and all i > 0. Set Hp := Pic^ xH, Mi := nM^p), and fix 

a global resolution M.2 — > M.3 of the complex R' p,Ju{Hp)\Hp- Then 

Ml ^M2^M3 

is a global resolution of the complex R'fi^lL. By Lemma b.lTl the sheaf ker ip 
is locally free, hence 

Ml — > ker ip 

is a global resolution of the complex a<iR' p^^L,. By Prop. 13.161 Hilb™ is 
canonically isomorphic to the zero locus Z(X), where A is the section in 
^P(Ali)(l) ^ i^*ker^/; induced by ip. By construction of the virtual funda- 
mental class {Hilby}, this cycle class is the localized Euler class [[Z(A)]]. 
Moreover, by Lemma .151 we have 

Cl(Op(A4i)(l))lz(A) = Ci(0(D)|Hiib™ xm). 
Therefore, our claim follows from Cor. IH.lH □ 

4. Poincare invariants of projective surfaces 

In this section, a surface is again a smooth connected projective complex 
surface. 

4.1. Definition of tlie Poincare invariant. Let y be a surface, p G V 
an arbitrary point. Fix a class m £ H'^{V,'Z), denote by D"*" the universal 
divisor over the Hilbert scheme Hilby , and set 

n+ := ci (0(B+)|Hiib™ xm) e H\mih^,Z). 

Since V is connected, the class u"*" does not depend on the chosen point p. 
Likewise, we denote by D~ the universal divisor over the Hilbert scheme 
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Hilby""^, where k is the first Chern class of the canonical line bundle JCy- 
We put 

u- := ci (0(B-)lHiibt.-xw) e i/'(Hilbtr-,Z). 
Denote by the following morphisms: 

p+ : Hilb^ Pic^? 

D ^ [Ovm 

p- : Hilb^-"* — > Pic^ 

D' ^ [JCv{-D')] 

Recall that [[Hilby]] denotes the virtual fundamental class of the Hilbert 
scheme Hilby defined in section 3.1; it is an element in the Chow group 
A=f(Hilb™). By abuse of notation, we will denote its image in ii'*(Hilb^, Z) 
by the same symbol. 

Definition 4.1. Let F be a surface. The Poincare invariant of V is the 
map 

(P+,Pf ) : H^{V,Z) — > A*H\V,Z) x A*H\V,Z) 
m ^ {P+{m),Py{m)), 



defined by 



P^im) :=p+ 5^(u+rn[[Hilb?J]] 



and 

Pyim) := ( n [[Hiibtr-]] 



if m G NS{V), and by Py{m) := otherwise. 

Remark 4.2. The map Py : H'^{V,Z) — > A*H\V,Z) is determined by 
the map P^ : H'^{V,Z) — > A*H^{V,Z) in the following way: When we 
denote the component of degree 2i by [Py (m)]^*, then we have 

[p-{m)f = (-1)^(^^)+^[P+(A; - m)f. 

The following is a first nontrivial example, which will later play a role. 

Example 4.3. Let P C C be a lattice, and let E = C/F he the correspond- 
ing elliptic curve. We denote by [z] G E the equivalence class of z G C. Fix 
an integer n > 1, a n-torsion point [Q G E, and set e := exp— . Let the 
cyclic group (e) act on x E' by 

£-{[to,ti],[z]) := i[to,£ti],[z + C]). 

The quotient V := (P^ x E)/{e) is a ruled surface over the elliptic 
curve E/{[Q). We denote by [[iO)*i])N] the equivalence class of a point 
([io, ti], [^;]) E ¥^ X E in V. The surface V admits an elliptic fibration 
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: y — > over the projective hne, which sends a point [[/:o,ii], [z]] G to 
[to;ii] £ This fibration has exactly two singular fibers of type nio over 
the points and oo, which we will denote by uFq and nFoo respectively. Let 
F be a regular fiber of (p, and let m € H'^{V, Z) be the Poincare dual of [F]. 

Claim: One has 

Hilb^? ^ |F| U {aFo + (n - a)F^ | a G {1, . . . ,n - 1}}, 

and 

P+(m) = n + 1. 

Proof. Since V is ruled, its homology has no torsion and we infer [Fq] = [F^] . 
Any eff'ective divisor D G Hilb™ is contained in the fibers of : F — > P^, 
since D ■ F = 0. This proves the first claim. 

To prove the second claim, we have to compute the degree of the line 
bundle 

{R\^Oo{B)) 1 
on |F| = P-*^. We find isomorphisms: 

{R\,0)\iFi ^ 0\f\®H^{Of) 

(i?VC(D)) li^l ^ 0\f\{1)®H^{0f) 

{R^Tx^O)\\F\ = 0\f\^H\Of) 

{R\,0{B)) \\F\ = OiF\{l) ® H\Of) 



Hence the long exact sequence 

(i2°7r,0) li^i (i?VO(B)) (i?VOB(ID))) 



^ {R'tt.O) \\f\ (i?V*C)(B)) ||f I > {R^TT.OniB)) ||f , > 

yields 

deg{R\^Oo{n))\\F\ = deg{R\^Oo{n))\\F\. 

Since (i?°7r*OD(B)) is isomorphic to the tangent bundle of |F| = P-*^, we 
obtain 

P+(m) = n- 1 + deg {R\^Onm)\\F\ 
= n + 1. 

□ 
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4.2. Deformations. In this subsection we study the behaviour of the Poin- 
care invariants under deformations. In order to make a precise statement, 
we need a slightly more general definition of the Poincare invariants. 

Fix a Poincare line bundle L on Pic™ xV, and let /i : Picy xV ^ Picy 
and pry ■ Picy xV ^ V he the projections. Recall that we have a projective 
fibration 

p : P <E)pr^)Cv)) Pic^? 

and a canonical section <I> in the line bundle 

{p X idy)*(L) (8)^*0(1) 

on P (i2^/i*(L^ (Eipry/Cy)) x V, whose vanishing locus we denoted by D~^. 
In Lemma 13.151 we have shown that the pair 

(P (i?V(L^^pr^/Cy)) ,D+) 

represents the functor Hilb y . Analogously, we obtained a pair 

(P(i?V*L) ,Z)") 

representing Hilby"™. Prom this description, we get relatively ample line 
bundles on the Hilbert schemes Hilby and Hilby"™, which we denote by 
O+Cl) and 0^{1). We set 

:=ci(0^(l)). 

These classes depend on the choice of a Poincare line bundle, but the formal 
cohomology rings 

are independent up to a canonical isomorphism. To be more precise, if L' 
is a second Poincare line bundle, then there is a line bundle T on Picy and 
an isomorphism 

L' ^ L p*T. 

This yields isomorphism 

o+(i)^o+(i)0p;t^ 

and 

and we obtain 

TP±ClC^)• 
Therefore, sending to u^, it ci (T) gives rise to canonical isomorphisms 

By evaluating cohomology classes on the cycles [[Hilby]] and 
(_l)x(Ov)+^^i^[[Hilb^-™]] we obtain maps 

V$^j^{m):A*H\V,Zy[ui]^Z. 
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Remark 4.4. If Lp is a normalized Poincare line bundle, i.e. if 
^p\pic^x{p} — C'pic™' for some point p V, then there are isomorphisms 
0(B+Liib™ xM = and 0{B')\^.^^,^-^ ^^^^ - hence = 

u^. In this case we have 

I I m(m — k) — dee- a , 

P±L,M(«(±<) ' ) = (^y M>«) 

for any homogeneous element a G A* {V, Ij)"^ . 

Let V : V ^ S he a family of surfaces over an irreducible variety S. Recall 
that a class a € ^*(Pic^^) determines a family of classes Os € ^*(Pic^^*^). 
We denote the Poincare dual of the homology class associated to Ug by the 
same symbol. 

Proposition 4.5. Let v : V ^ S be a smooth, connected family of surfaces. 
Fix a class m € H^{S, R'^V:^Z) and suppose there exists a Poincare line 
bundle L on Pic^^^ x^F. For a point s £ S, we denote by the induced 

Poincare line bundle on Pic^'-*'' xVs- For every element a € A*(Pic^^) 
and every z G N, the pair 

is independent of the point s (z S. 

Proof. Denote by u"*" the first Chern class of the line bundle Oi^{l) on 
Hilb^^^, and fix a point s G S. By (Ful Prop. 10.1] and Cor. 13.31 we have 

(n+rn[[Hilb^«]] = (n+)''n[[Hilb^/^]], 

= ((u+rn[[Hilb^/^]])^. 

Another application of |Ful Prop. 10.1] yields 

ipth («)'■ n [[Hilb^/^)]]) = (p+ ((u+)'^ n [[Hilb^/^]]))^ . 

Now llu', Cor. 10.1] implies 

(Pt)* («)* n [[Hilbf/^)]]) . as = [pt {{u^y n [[Hilbf/^]]) • a)^ . 

Hence our claim follows by conservation of numbers |Ful Prop. 10. 2]. □ 

Remark 4.6. Each of the following conditions is sufficient for the existence 
of a Poincare line bundle: 

• the family v : V ^ S admits a section; 

• the base scheme S is a curve. 

For the first condition, see [HI Prop. 2.1]. The second follows from the 
lower term sequence of the Leray spectral sequence and the vanishing of 
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4.3. A blow-up formula. Let a : V ^ V he the blow-up of a point p £V, 
let E be the exceptional curve, and denote by e G H^{V,Z) the Poincare 
dual of the class [E] . We want to compare the Poincare invariants of V and 
V. 

Recall that the push down of an effective divisor D = Dq + IE on V with 
E Dq \s the unique divisor a\D on V, whose strict transform is Dq\ its 
total transform is a*a\b = £> + {D ■ E)E. Now fix a class m G H'^{V,'L), 
and set m = a*m. By pushing down divisors from y to F we obtain maps 

VI : HilbJ+''^ — > Hilb^ 

b I — > u\b 

for all integers /. 

We start by observing that for / > 0, the map vi is an isomorphism: its 
inverse sends a divisor D m. V io a* D + IE . 

Proposition 4.7. Let V he a surface, fix a point p € V , and denote by 
a : V V the blow-up of V in p. For every class m G H'^{V,'L), the 
isomorphism 

VQ : Hilb^ — > Hilb^ 
identifies the virtual fundamental classes: 

(z.o)4[Hilb5]] = [[Hilb^]]- 

Proof. Denote by B the universal divisor on Hilb^ x V and by D the univer- 
sal divisor on HilbJ xF. Let tt : Hilb^ xV ^ mih'^ and tt : HilbJ xF ^ 
Hilb^ be the projections. Pulling back the short exact sequence 

^ O ^ 0(D) ^ OdIB) ^ 

from Hilb^ xF to HilbJ xV yields 

O 0(B) ^ 0^(B) ^ 0. 
Therefore, we obtain an isomorphism 

©^(B) ^ X (7)*Od(B). 

Since cj^O^ = Oy, we have {vq x cr)*0 jj^i^rn^y = Omib^ xy- Applying the 
push-pull formula, we find an isomorphism 

Od(B) ^ii*(i/o xc7),0^(B). 

Applying i?*7r* yields an isomorphism 

R*'K^Oji{Ji) ^ i?*(z/o)*i?'7r*C'^(B). 

This proves our claim. □ 
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Let D G Hilb^ be a divisor on V . The equality D • E = 1 implies that 

the point p lies on a\D. Conversely, if D G Hilby passes through p, then 
the total transform a*D can be written as a*D = D + E with D G Hilb^~^. 
Therefore the map 

z^-i : HilbJ-'^ ^ Hilb^ 

is a closed embedding. Its image consists of all divisors D G Hilby which 
pass through p. In particular, it is the zero locus of a section in a line bundle. 

In a next step, we want to generalize this observation to arbitrary negative 
integers I. In order to simplify the notation, we set ui := Uq^ o ui for I G Z. 
Note that : HilbJ+^ '= ^ Hilb^ sends a divisor DonVtoD- IE. 

Lemma 4.8. Let V be a surface, and fix a point p G V. Denote by a : V ^ 
V the blow-up of p eV, and by E the exceptional curve. Then 

( tfl = l, 

R'a^OEilE)) ^ { Ov/Jp ® H^\Oe{IE)) tfl<0, 
(Ov/Jp®H\Oe{IE))[-1] ifl>2. 

Proof. Consider the following comutative diagram: 

7-, ■''^5 

E ^ V 



jp 

Since Je is a closed embedding, the functor {Je)* is right exact, and hence 

R*a^OE{lE) ^ R*{jp)^R*{aE)*OE{lE). 
This proves our claim. □ 

Lemma 4.9. Let a : V ^ V be the blow-up of a point p E: V, and let E be 

the exceptional curve. Fix a class m G H'^{V,Z), denote by D the universal 
divisor in Hilb™ xV , and set E := Hilb™ xE. Denote by n the projection 

Hilb^ xV Hilb^. For every negative integer I, the sheaf if ^,0-1^(0) is 
locally free and has the base change property. Moreover, if Q denotes the 
canonical section in 7r*0_/]E(]D)), then vi induces an isomorphism 



^ z{Q) C Hilb;^ 



Proof. To prove the first claim, we show that H^(0-ie{D)) = for every 
divisor D G Hilb^. We proceed by induction on — L 

For I = there is nothing to show. For the induction step, consider the 
following short exact sequence: 

^ Oe{D + IE) ^ 0_^i_^)e{D) ^ 0^ie{D) ^ 
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The push-pull formula yields an isomorphism 

R'a^OEiD + IE) ^ {R'a^OE{-lE)) ® Ov{(tiD), 

hence Lemma 14.81 implies H^{Oe{D + IE)) = 0. Since by assumption 
H^{0-ie{D)) vanishes, the long exact cohomology sequence yields 
H\0_(^i_,)e{D)) = 0. 

Our second claim follows from the fact that a divisor D G Hilb^ can be 
written as D = D' + {—l)E with l)' > iff the composition 

o ^ o{b) ^ 0_ie{D) 

vanishes. □ 

Proposition 4.10. Let a : V ^ V be the blow-up of a point p £ V . For 
every class m G H'^{V,Z) and every negative integer I we have 

[[Hilbr'-1]=0U_.(o)[[Hilb5]] 

and 

(z.04[Hilbf+'-1] = ci (o(B)lHiib^ xm)^'^ n [[Hilb^?]]. 

Proof. Denote by D/ the universal divisor on Hilb^'*"'''^ xF, and set E := 
Hilb^"^''"^ xE. The short exact sequence 

^ Of^^iOi) ^ - ^E) ^ 0_,e(0, - ffi) ^ 

gives rise to the following distinguished triangle on Hilb™"*"''^: 

R'7c,Of,^{Bi) R*n,Of,^^^^{Oi - IE) 

[1] 

R'tt^O-ieO^i - IE) 

This is the necessary compatibility datum for the obstruction theories of the 
Hilbert schemes HilbJ?+' '' and HilbJ JKKP\ Thm.l], and hence proves the 
first claim. To show the second claim, we have to compute the top Chern 
class of the vector bundle (i'o)*'?i'*C'-iE(lfi'o)- 
Claim: For all / < 0, we have 

'A) 




c((z.o)*vr*(!?„zE(Bo)) = [l + ci(C'(B)|Hiib^? x{p}) 

We proceed by induction on — /. For / = 0, there is nothing to show. For 
the induction step, consider the following short exact sequence: 

^ Oe{Bo + m) ^ 0(_;+i)e(Bo) ^ 0_ffi(Bo) ^ 0. 
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This shows that the vector bundle (i^o)*''''*C'(-i+i)E(IJ'o) is an extension of 
{i^o)*t^*0-ie{^q) by (i^o)*''I'*C'e(I5o + ^E). By Lemma [4.81 we have an iso- 
morphism 

{uo),tt,Oe{^o + /E) ^ 0(P)Hiib- x{p} ^ H^{Oe{IE)). 
Since H^{OEilE)) is a vector space of dimension —I + 1, we have 

i-i ^ 



c (^(z^o)*vr*0(_i+i)E(Bo)) = (l + ci(0(B)|Hiib^? x{p}) 

^l + ci(0(B)|Hiib™xM)) 



□ 



Proposition 4.11. Let a : V V be the blow-up of a point p G V, and 
let E be the exceptional curve. Fix a class m G H'^{V,Z), denote by D 
the universal divisor in Hilb™ xy, and set E := Hilb™ xE. Let vr be the 

projection Hilb™ — > Hilb^. For every positive integer I, we have 

iuiUimhp'-^]] = ci (o(]D))|Hiib^? xm)^^^ n [[Hiib^?]]. 

Proof. Let Bq be the universal divisor on Hilb^ xV, and set E := Hilb^ xE. 
The short exact sequence 

^ Oe^(ID)o) ^ Cbo+/e(^o + m ^ C/e(Bo + m)^0 

gives rise to the following distinguished triangle on Hilb™: 




i?*7r*Offi(Bo + /E) 

Hence our claim follows by excess intersection Prop. lTTTTl once we know that 
for each / > we have 

H^{Oie{D + IE)) = G Hilb^, 

and 



c ({uo%R^tt,Oie{Oo + IE)) = (l + ci(0(lD))|Hiib™ xfr}) 



These claims can be proved by induction on I. Since the arguments are very 
similar to those used in the case Z < 0, we omit the details. □ 

For a similar computation, see |Brl Prop. 43]. 
For an integer n we define a truncation map 

T<n : A*H\V,Z) — > A*H\V,Z) 
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as follows: when P = Pi is the decomposition of a form P into its 
homogeneous components Pi G A^H^(y,Z,), then 

n 

r<n{P) :=E^- 

Theorem 4.12. Let a : V ^ V be the blow-up of a point p £V . Using the 
natural identification a* : H^{V,1j) H^{V,7a), we have 

p±(rh + l-e)= T<„(„„fc)_2(^ M 

for every class m € H'^{V,'Z) and for every integer I. 

Proof. This is an immediate consequence of Prop.^TJ ProD. ETTUl and ProD. HnH 

□ 

4.4. A wall crossing formula. Let be a surface. Recall that an element 
c E H'^{V,7j) is called characteristic iff c = A; mod 2. For a characteristic 
element c G H'^{V,Z), we denote by 9c G A'^H^(y,Z)'^ the mapping 

Oc-. A'^H^{V,Z) — > Z 

aAb I — > ^{aUbUc,[V]). 

Lemma 4.13. Let V be a surface with PgiV) = and irregularity q. Fix a 
cohomology class m G H'^{V,Z), choose a normalized Poincare line bundle 
L on Picy xV, and denote by /x the projection Pic™ xV ^ Picy . Then 

, m(m — k) 

ch{fl,]L) = x{Ov) + ^^ --02m-k, 

c{n]h) = exp(-6'2m~fc)- 

Proof. By the Grothendieck-Riemann-Roch theorem |Ful Thm.15.2] we have 

td{Fic^) ■ chiRfiih) = HI {td(Pic^ xV) ■ c/i(L)} . 

Hence we need to compute those components of the expression 

MPic^ xF) •c/i(L)} 

which have bidegree (*,4) with respect to the decomposition 

iJ*(Pic^?xy,Z) ^ H*{Fic'{^,Z)®H*{V,Z) 
^ A*H'^{V,Zy (S) H*{V,Z). 

Set / := ci(L). Then 

/2-0 = 0GF2(Pic^,Z), 
/^'^ = ideRom{H^{V,Z),H^{V,Z)), 
= m€H\V,Z), 

where the first equality holds since L is normalized. 
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Next we compute g := We obtain 

^2,2 ^ -2-(aA6^aU6) GHom(A2i/i(y,Z),i72(y,Z)), 
5^'^ = 2 • (a ^ aUm) E Hom(ii'^(y,Z),if3(y,Z)), 
^O'^ ^ mUm G i?^(y,Z), 

all other components being zero. Here the first equality needs justification. 
Choose a basis . . . , V2q of H'^{V, Z), and denote by u)!, . . . , u)25 the dual 
basis of i/^(F,Z)V. Then 

i 

g''' = if'')' 



hence 



- ^ ^ Wj) (g> (Wj U Vj) 

i j 

-2 A Wj) (ui U Vj). 



i<3 

Now we compute the component of of bidegree (2, 4), the only component 
that does not vanish. We obtain 

/3 = 3(/i'i)2u/°.2 

= -6-(aA6^aU6Um) eYloni{K^H^{V,Z),H^{V,Z)). 

Since = 0, we have {aUhVJ cU d,[V]) = for all a, b,c,d e H'^{V, Z) 

|LLj . This implies that the (4,4) part and hence itself vanishes. 
Moreover, since td{Picy) = 1, we have 

id(Pic^?xy) = prl,td{V) 

= pr*y{l-h + x{Ov)-PD[pt]), 

where pry '■ Picy xV ^ V denotes the projection onto V. 
Thus we obtain 

cHfiih) = S^e^pfUpr*y(^l-^ + x{Ov)-PD[pt]^^/[V] 

= |(exp/)*'4 - (exp/)*'2 Up4^ • PD[pt]^ /[V] 

— Xlwj H ^ ^2m-k- 

The formula for the Chern class follows immediately since -?/*(Picy,Z) has 
no torsion. □ 
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Lemma 4.14. Let V he a surface of negative Kodaira dimension. Then 
there exists a smooth rational curve on V with nonnegative selfintersection. 

Proof. By the Enriques classification |BPVl p. 188], the surface V is either 
the projective plane or a blow-up of a geometrically ruled surface. In the 
first case any line will do, whereas in the second case we may take a general 
fibre of the composition 

where V — > Vmin is a minimal model, and Vmin ^ C is a ruling. □ 

Corollary 4.15. Let V be a surface with Pg{V) = 0, and suppose m G 
Z) satisfies m{m — k) > 0. Then one of the Hilbert schemes Hilb™, 
Hilby~™ is empty, or we have kod{V) > 0, q{V) = 1 and m{m — /c) = 0. 

Proof. Assume first that the Kodaira dimension of V is negative, and fix a 
smooth rational curve C onV with > 0. The adjunction formula yields 

{k, [C]) < -2, 

which implies that (m, [C]) or {k — m, [C]) is negative. Hence Hilby or 
Hilby""" is empty. 

Suppose now that both Hilbert schemes are nonempty. Then kod(V) > 0, 
hence xi^v) > 0, which implies q{V) = 1. Let cr : 1/ — > Vmin be the minimal 
model of V, and fix elements D £ Hilby and D' G Hilby"*". We have 

D-D' > criD • aiD' 

> 0, 

where the second inequality is a consequence of the fact that the canonical 
class of Vmin is numerically effective. This proves our last claim. □ 

Theorem 4.16 (Wall crossing formula). Let V be a surface with PgiV) = 
and irregularity q. Fix a cohomology class m € H^{V,Zi), choose a normal- 
ized Poincare line bundle L on Picy xV, and denote by fj, the projection 
Pic^? xF ^ Pic^. Then 

P^{m)-Py{m) = s{Rn]L,) 

r m(m, — k) 1 

Proof. Without loss of generality we may assume m(m — A;) > 0. We distin- 
guish the following three cases: 

- Hilb^r'" = 0; 

- Hilb^ = 0; 

- both Hilbert schemes are nonempty. 
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In the first case we have 

P+{m)-Py{m) = P+{m) 

= s(cr>ii?*^*L) 

where the second equahty holds by virtue of Prop. ITTHl 

Assume now Hilb™ = 0. By relative duality there is an isomorphism 

i?V*(pr^/CyL^) ^ {R'^i^L)'' [-2], 

where pry denotes the projection Hilby"'" xV ^ V. Therefore we obtain 
analogously 

P^{k -m)= s((i2/i!L)^) 

and hence 

-Py{m) = siRfiih). 

Suppose finally that both Hilbert schemes are nonempty. By Cor. 14.151 
the surface V is neither rational nor ruled, hence xi^v) ^ 0, and we have 
q(y) = 1, m(m — k) = 0. 

Fix a global resolution 

Ml ^M2^M3 

of the complex i?*/i^,L. By Lemma [(-i.l7| the sheaf ker ^ is a subvectorbundle 
of A42 and we obtain 

P+{m) = ci{Mi- kevijj) n [Pic™ 



vi 



By relative duality 



is a global resolution of the complex R' fj.^{pry)Cv (8) L"" 
We claim: 

(Xs/kerV)^ = ker(^^. 
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In order to see this, consider the following commutative diagram with exact 
rows and columns: 



*- Im ip *- ker ip ker tp / Im (p 

^ ker Ip I Im 93 ^ coker 99 5- M.2I ker ^ ^ 



Dualizing the last row yields 

— y (7W2/ker'(/')^ — > ker^j""^ — > (kerV/Imy?)^ . 

Since ker -i/;/ Im (/? is a skyscraper sheaf, our claim follows. 
So Prop. EH yields 

(5) - m) = cx[Ml - (A^2/ker V)"") n [Pic^]. 

Since 7V42/ker^ is a vector bundle, equation |S1 implies 

-Py{m) = ciiMs - M2/ker V') n [Pic'^]. 

Hence also in the third case we obtain 

P^{m)-Py{m) = (ci(7Wi -ker^) + ci(X3 -X2/ker^)) n [Pic^] 
= ci{Mi-M2 + M3)n[Pid^] 
= s{Rfj.\h). 

□ 

For surfaces V with Pg{V) > 0, we have no general result comparing 
Py{m) with Py{m). We expect that the following holds: 

Conjecture 4.17. Let V he a surface with PgiV) > 0. Then 

P+{m) = Py{m) 

for all m e H'^{V,Z). 

For a conceptual explanation of this conjecture, we refer to section 6. 
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4.5. Basic classes. 

Proposition 4.18. Let V be a surface with pg(V) > 0, m £ H'^{V,Z), and 
suppose that the fibered product 

is empty. Then 

[[mh^]] = [[Hiibtr-]] = 0. 

Proof SeeThm.EHni □ 

Definition 4.19. Let F be a surface. A basic class of V is an element 
m G H'^{V,'L) with {Py [m) , Py {m) ^ (0,0). The surface V is of simple 
type if every basic class m satisfies m(m — fc) = 0. 

Proposition 4.20. Every surface V with Pg{V) > is of simple type and 
has only finitely many basic classes. 

Proof. Suppose first that the surface V is minimal, and let m G H^{V, Z) be 
a basic class. Then the fibered product Hilb^^ x pj^™ Hilby~™ is nonempty. 
Fix an element 

(Di,I)2) GHilb^Xpi.^Hilbtr'" 

The sum K := Di + D2 is an effective canonical divisor. When V \s a, KZ 
surface or abelian, then K = Q and hence Di = D2 = 0. In particular, V 
has exactly one basic class and is of simple type. When V is properly elliptic 
we have 

Di-D2>0 

with equality holding iff there exists a rational number < A < 1 with 

[Di] = x[K]eH\v,q). 

This follows from the numerical effectivity of canonical divisors and the 
Hodge index theorem ^Dl . Since 

m{m — k) = —Di ■ D2 

> 

we infer that V is of simple type and has only finitely many basic classes. 
When V is of general type, canonical divisors are 1-connected |BPV| PropVII.6.1]. 
Therefore we have 

Di-D2>0 

with equality holding iff Di = or D2 = 0. Hence V has exactly two basic 
classes, namely and k, and thus is of simple type. 

Let now y be a surface of simple type with finitely many basic classes. 
Let a : V —I- V he the blow-up of a point, denote by E the exceptional curve 
and by e the Poincare dual of [E]. Fix a basic class m G H'^iV, Z). Then m 
can be uniquely written as 

rh = a*m + I ■ e 
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for a class m G H'^{V,'L) and an integer I € Moreover, by Thm. 14.121 
m is a basic class of V . Since by hypothesis V is of simple type, we infer 
/ = or 1. Hence also V is of simple type and has only finitely many basic 
classes. □ 

Proposition 4.21. A surface V with Pg{V) = has infinitely many basic 
classes and is not of simple type. However, one has 

P+{m) = orPy{m) = 

unless m{m — k) = 0. 

Proof. Fix an ample divisor H C V and set h := ci{Ov{H))- Then there 
exists Iq £ 7j such that for all integers / with I > Iq we have 

{l-h){l-h-k) >2q{V). 

The wall-crossing formula yields 

Py{l ■ h) - Py{l ■ h) = [Pic'y'] + terms of lower order 

for all I > Iq. This proves the first claim. 

The second claim is an immediate consequence of Cor. 14.151 □ 

5. Examples 

5.1. Ruled surfaces. In this subsection we will compute the Poincare in- 
variants of ruled surfaces, and we will show how our methods yield easy 
proofs of classical results by Nagata |N] and Lange jLj . 

To start, we observe that the wall crossing formula implies: 

Proposition 5.1. Let V be a surface with Pg{V) = q{V) = 0, and fix a 
class m € H'^{V,Z) with m{m — k) >0. Then 

Proof. When PgiV) = qiV) = 0, the wall-crossing formula says 

P^{m)-Py{m) = l. 

The claimed equality follows now from the fact that for every m € H'^iV, Z) 
one of the Hilbert schemes Hilby or Hilb^"™ is empty. □ 

Proposition 5.2. Let F„ be the n-th Hirzebruch surface, let F be a 

fiber of the ruling, and choose a class m G H'^(V,Z,) with m{m — k) >0. If 
(m, [F]) > 0, then 

(P+(m),P^(m)) = (l,0). 

If{m, [F]) < 0, then 

{P+{m),Py{m)) = (0,-1). 

Proof. If (m, [F]) > 0, then the adjunction formula yields {k — m, [F]) < —2 
and we infer Hilb^"™ = 0. If (m, [F]) < 0, then we have mih"^ = 0. Hence 
our claim is a direct consequence of Prop. [5Tl □ 
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In order to compute the Poincare invariants of ruled surfaces of irregu- 
larity g > 1, we restate the wall crossing in more accessible terms. This 
reformulation is of independent interest. 

Let y be a surface with Pg{V) = and qiV) > 1. Then V admits a 
map p : V ^ C onto a smooth curve such that the induced morphism 
p* : H^{C,Z) H^{V,Z) is an isomorphism: When kod{V) = —oo, any 
minimal model V Vmin admits a unique geometric ruling Vmin — > C, 
and we define p to be the composition V Vmin — > C. Note that, up to 
unique isomorphism, the map p does not depend on the choice of a minimal 
model. When kod{V) > 0, then we have q{V) = 1, and we define p to be 
the Albanese mapping. 

Let now C be a smooth curve of genus g, and fix a natural number d with 
< d < g. The Brill-Noether locus 

Wd:={[C]GPic''{C)\h\C)>0} 

carries the structure of a subscheme of Pid^iV) and hence possesses a fun- 
damental class [Wd] € H,{Pic'^{C),Z) ^ H,{Pic^{C),Z) ^CGH . 

Proposition 5.3. Let V be a surface with Pg{V) = and q{V) > 1, and 
denote by F a general fiber of the map p : V —> C. Then, for every m € 
Z) with m{m — k) >0, we have 

d=o \ ^ J 
Proof. By construction, the map p -.V ^ C induces isomorphisms 

p* : H^{C,Z) ^ H^{V,Z) 

and 

p* : Pic^ ^ Pic^ . 

In particular, q{V) = g{C), where g{C) is the genus of the curve C. We 
compute: 

02m-kip*ia)Ap*{b)) = ^{p*ia)Up*ib)Ui2m-k),[V]) 
= ^{p*{aUb),{2m-k)n[V]) 
= ^{aUb,p4{2m-k)n[V])) 



2 

(2m - k, [F]) 



e{aAb) 
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Our claim is now a consequence of Thm. 14.161 and of the Poincare formula, 
which asserts that 

e9{C)-d 

for < d < 5(C). □ 

Proposition 5.4. Let p : V ^ C be a ruled surface over a curve of genus 
g, and let F be a fiber of p. Fix a class m € H'^iV^'L) with m{m — k) > 0. 
If (m, [F]) > -1, then 

d=0 

Py{m) = 0. 
// (m, [F]) < -1, then 

P+{m) = 0, 

r m(m — 

min{9>^^ — -} 

Pyi^) = - E i{m,[F]) + iy'^[W,]. 

d=0 

Proof If {m, [F]) > -1, then Hilb^""^ = 0, whereas (m, [F]) < -1 implies 
that Hilby = 0. Therefore our claim is a consequence of Prop. 15.31 □ 

Note that the above proposition yields a classical result of Nagata jNj : 

Theorem 5.5 (Nagata). Let p : V ^ C be a geometrically ruled surface 
over a curve of genus g. Then there exists a section s : C ^ V with self- 
intersection number < g. 

Proof. Denote by F a fiber of the ruling, and fix a class m with (m, [F]) = 1. 
By adding or subtracting the Poincare dual of [F] , we can modify m in such 
a way that 

m(m — k) 
0<^^<l; 

then Prop. EU says 

P+(m) / 0. 

In particular, Hilby ^ 0. Choose a divisor D € Hilb™ , and let Dq be the 
irreducible component of D with Dq ■ F = 1. Then Dq is a smooth curve of 
genus g. By adjunction we have 

m{m + k) _ Do{Do + K) 
2 ~ 2 

= 5-1, 

where i^T is a canonical divisor. This implies 

< g. 

Hence Dq defines a section with self-intersection number Dn < m? < g. □ 
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For a geometrically ruled surface p : V ^ C, put 

s{V) := min{n j 3 a section s with s"^ = n}. 
The following proposition is a strengthening of a result of Lange L , Cor. 5. 3]. 

Proposition 5.6. Let p : V ^ C be a geometrically ruled surface over 
a curve of genus g. Suppose either that s{V) = g — 1 and the number of 
sections with selfintersection number g — 1 is finite, or that s{V) = g and the 
number of sections with selfintersection number g that pass through a fixed 
point is finite. Then the length of the scheme parametrizing these sections 
is 

23. 

Proof. By our assumption on the invariant s, every effective divisor D <ZV 
relative degree 1 over C and intersection number = g or g — \ respectively 
is irreducible and reduced, hence the graph of a section C . Therefore, 
our claim is an immediate consequence of Prop. 15.41 □ 

5.2. Elliptic fibrations and logarithmic transformations. 

Lemma 5.7. Let vr : 1/ — > C be an elliptic fibration, denote by F a general 
fiber and by miFi, . . . rUrFr the multiple fibres of vr. For any element m G 
IL'^{V,'Z) with m? = {m, [F]) = 0, there exists a canonical isomorphism 



n 



dlF]+Y: ailFi] = PD(m) 

Proof. Fix an element D € Hilb™. The equality D ■ F = shows that D is 
contained in the fibres of vr. Since = 0, Zariski's lemma implies that there 
exists an effective divisor C C and integers < < mj for i = 1, . . . ,r 
such that 

Hence the natural map 

Cj HilbS?, 



n 



0<a,- <m,- 



which sends an (r + l)-tuple (O, ai, . . . , a^) to the divisor iT*d + ^ ajFj, is a 
bijection. That this map is also an isomorphism of schemes has been proved 
in [ml Lemma 1.2.50]. □ 

Proposition 5.8. Let tt : V ^ C be an elliptic fibration, denote by F a 
general fiber and by miFi, . . . rrirFr the multiple fibres of vr. Set g := g{C), 
and fix me H'^{V, Z) with = (m, [F]) =0. Then 

<llF]+Y:ailFi]^PD{m) ^ ^ 

0<aj<mj 
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dlF]+Y. ai[Fi] = PD{k-m) 

Proof. In [FMl p.473] it has been shown that 



2g-2 + x{Ovy 
d 



2 + x{Ov] 
d 



ctop{R^Ti.On{m\c, = (-1)" 
Hence our claim is a consequence of the previous lemma. □ 
Corollary 5.9. Let V he an elliptic surface with PgiV) > 0. Then 

P+{m) = Py{m) 

for all m G H^{V,Z). 

Proof. By Thm. 14.121 it suffices to give a proof in the minimal case. 

Let TT : y ^ C be a minimal elliptic surface over a curve of genus g, 
and suppose that Pg{V) > 0. By the canonical bundle formula, there is an 
effective divisor c) on C of degree 2g — 2 + x{Ov) such that 

K := TT*-0 + - l)F, 

i 

is a canonical divisor on V. Fix a class m € H'^iV^'L) with m(m — /c) > 0. 
By Thm. I^.lfll we have Py{m) = Py{m) = whenever the fibered product 
Hilb^ xpic^ Hilb^-'" is empty Therefore we may suppose that there exists 
a decomposition K' = Di + D2 of a canonical divisor K' into two effective 
divisors, such that [Di] is Poincare dual to m. The inequality 

Di- D2 = -m{m - k) < 

implies = (m, [F]) = 0. This can be seen as follows: since V is minimal 
and of Kodaira dimension or 1, any canonical divisor is numerically 0- 
connected, hence Di ■ D2 = 0. On the other hand, K is numerically effective 
with K"^ = 0, hence K ■ Di = and = 0. Note that d[F] + fl ai[Fi] is 
Poincare dual to m if and only if {2g — 2 + xi^v) — d)[F] + '^{mi — 1 — ai)[Fi] 
is Poincare dual to k — m. Therefore we have 

p-(m) - V (_,)2g-2+2x{Ov)-d ( 2^ - 2 + x(Oy) \ 

^vi^) - 2^ i \2g - 2 + x{Ov) - d 

dlF]+Y. a^lFi]=PD(k-m) ^ ^\ J / 

d[F]+Y.a^[Fi\=PD{m.) ^ ^ 

0<aj <)Tij 

□ 

Using logarithmic transformations we will construct examples {V,m), 
where y is a surface with PgiV) = 0, and m € H'^{V,Z) is a class such 
that neither Py{m) nor Py{m) vanishes. 
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Let r be a lattice in C, and let E := C/F be the corresponding elliptic 
curve. We denote by [z] G E the point defined by z G C. Let ti E 
be a point. Choose a positive integer ni and a complex number d^i such 
that [Ci] is a ni-torsion point of E. Denote by Lt^ (ni, ^i)(P^ x E) the 
space obtained by the logarithmic transformation Lt^(ni,Ci) from x F 
|E()j . Since a logarithmic transformation is a local analytic construction one 
can apply further logarithmic transformations Lt2{n2, C2), ■ ■ ■ , Lt^{nr, Cr) at 
points t2, ■ ■ ■ ,tr E P^ such that ti, . . . ,tj. are pairwise distinct. We denote the 
resulting space by Lt{n, C){^^ ^ E), where t := (ti, . . . , tr), n := (ni, . . . , n^), 
and C := {(i, . . . ,C,r)- Note that Lt{n,C){^^ x F) is a smooth compact 
complex surface, but not necessarily algebraic. 

Lemma 5.10. Let T = {l,uj) be a lattice in C, and fix r distinct points 
ti, . . . , S P"*^- Choose integers Ui, Ui, vi for i = 1, . . . ,r such that 
gcd{ni,Ui,Vi) = 1 for all i, and set Q := lii±^v£_ 

(i) The surface Lt{n, C)i^^ ^ F) is projective if and only if J2i d = 0. 

(ii) Denote by UiFi the multiple fibres, and by F a regular fibre. If 
Y,i Ci = 0, then 

ni[Fi] = [F], 

Ui[Fi] + . . .+Ur[Fr] = 0, 
Vi[Fi] + . . . + Vr[Fr] = 

Proof. For the first claim see |EU[ p. 284], for the second claim see |D1[ 
Thm.A.2.11]. □ 

Proposition 5.11. Let T = (1, w) be a lattice in C, and fix r distinct points 
ti, . . . , tr E P"*^. Choose integers Ui, Ui, Vi for i = 1, . . . ,r such that 
gcd{ni,Ui,Vi) = 1 for all i, and set Q := H±l!i^. Suppose Ylid = 0; 
and denote by UiFi the multiple fibres, and by F a regular fibre. Let P C 
Pic^ {Lt{n, X F)) be the subgroup generated by the classes of the line 

bundles Oi^UiFi) and Oi^ViFi). Then for all integers d, ai,...ar, we 
have 

HiK(„,c)(pix£;)= II \OvidF + ^a,F,)®C\, 

[£]eP i 

where m is the Poincare dual of the class d[F] + ^ aj[Fj]. 

Proof. This is a direct consequence of Lemma 15.71 and Lemma I5.1UI □ 

We will also need the following 

Lemma 5.12. Let T = {1,uj) be a lattice in C, and fix r distinct points 
ti, . . . ,tr E P"*^. Choose integers ui, ui, Vi for i = 1, . . . , r such that 
gcd{ni,Ui,Vi) = 1 for all i, and set d := Iii±Hi^. T' C C be the lat- 
tice generated by 1, w, Ci, • • • , Cr- Let F be a regular fibre of the fibration 
Lt{n,C,){^^ y< E) —>■ P^, and assume that = 0. Then there exists an 
isomorphism 

Alb(Lt(n,C)(P^ X F)) ^ C/r' 
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such that the following diagram commutes: 

F -Alb(Li(n,C)(Pi X E)) 



c/r ^ c/r' 

Proof. This follows from the explicit description of the fundamental group 
of C)(P^ X E), see for instance |^ p. 284]. □ 

Remark 5.13. Let F' C C be the lattice generated by 1, cj, Ci, • • • , Cr- If 

^ = 0, then P is isomorphic to F'/F as an abstract group. 

Proof. Note first that the group P is the kernel of the restriction map 

Pi^Lt(n,C)(pixS) ^ Pi^F • 

To see this, consider an element C in this kernel. Then C{nF) admits global 
sections for sufficiently large integers n. Hence C is isomorphic to a line 
bundle of the form 0{D — nF), where D is an effective divisor contained in 
the fibers of the projection Lt{n, C)(P^ E) ^ P^. Since the homology class 
[D - nF] vanishes, we get d{D~- nF) ^ 0{Y,UiF.i)®'' (g) OiY.ViFi)®'' for 
suitable integers a, h. On the other hand, the group F'/F is the kernel of 

F = Alb(F) — > Alb(Lt(n,C)(P^ x E)). 

The claim follows now from the fact that Albanese and the Picard variety 
are dual tori. □ 

Example 5.14. Choose 4 distinct points ti, . . . , t4 e P^, set n = (3, 3, 3, 3), 

u\_(l 1 1 -3 
V J ~ \ l -1 

and put \^ := Li(n, C)(P^ x E). Clearly Hilb^ = {0}, and therefore P+(0) = 

1. To compute -Py (0) we determine Hilby , where k denotes ci(/Cy). Prop. l^^TTI 
implies that 

Hilb^ = I-2F + 2F1 + 2F2 + 2F3 + 2F4IUI2F4I 

U I - F + Fi + F2 + F3 + 2F4I U I - F + 2F2 + 2F3 + F4I 
U |Fi + F4I U I - F + 2F2 + F2 + Fa + F4I 
U I - F + Fi + 2F2 + 2F3I U I2F2I U IF2 + F3I. 

Thus Hilby consists of 4 smooth points, namely 2F4, Fi + F4, 2F2 and 
F2 + F3, and we obtain Fy (0) = 4. Of course, we can also use the wall 
crossing formula to compute the difference Fy (0) — Fy (0) = —3. 

Let F be a fiber of the Albanese mapping V Alh{V). By Lemma 15.121 
we find F • F = 9. Since for a canonical divisor K we have 

[K] = '^[F]eH2iV,q), 
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Prop. ESI yields 

P+(0)-P^(0) = ^-^-9 = -3. 

6. Comparison with Seiberg-Witten invariants 

6.1. Three conjectures. In this section, we will compare our Poincare 
invariants with the full Seiberg-Witten invariants. The latter are differential- 
topological invariants, which were defined in |UTlj and refine the invariants 
introduced by Seiberg and Witten We briefly recall the structure of 

the full Seiberg-Witten invariants; for the construction and details, we refer 
to IHtT] . 

Let {M,g) be a closed oriented Riemannian 4-manifold with first Betti 
number 6i. We denote by 6+ the dimension of a maximal subspace of 
H'^{M, M) on which the intersection form is positive definite. Recall that the 
set of isomorphism classes of /S'pin^(4)-structures on (M, g) has the structure 
of a H'^ [M , Z)-toTsov . This torsor does, up to a canonical isomorphism, not 
depend on the choice of the metric g and will be denoted by Spin^{M). 

We have the Chern class mapping 

ci:Spin^{M) — > H'^{M,Z) 
C I — > ci(c), 

whose image consists of all characteristic elements. 

If 6+ > 1, then the Seiberg-Witten invariants are maps 

SWm,o ■■ Spin^M) — > A*H^{M,Z), 

where o is an orientation parameter. 

When = 1, then the invariants depend on a chamber structure and are 
maps 

^^M,(oi, Ho) • Spin^M) A*H\M,Z) x A*H\M,Z), 

where (OijHq) are again orientation data. The difference of the two com- 
ponents is a purely topological invariant. More precisely, we have: 

Theorem 6.1 (Okonek/Teleman). Let M be a closed connected oriented 
4-manifold with 6+ = 1. Fix an orientation d of H^{M,^, and denote 
by Iq-^ G A^iff"'^(M, Z) the generator defining the orientation Oi. For every 
class c of Spin'^ (4:) -structures of Chern class c, the following holds: 



bi^ 



where r is an integer with < r < min(6i, Wc), r = 6imod2, and A G 
A*" {Hi{M, Z)/Tors). 

Proof, (nrn Thm.16]. □ 
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Remark 6.2. The original formula in |()TH Thm. 16]) contains an incorrect 
sign, which was detected in |Dlj . The error occurs on page 821, where the 
authors do not take into account that the cohomology ring of a manifold is 
graded commutative. The error is of a purely calculatory nature and does 
not affect the rest of the proof. 

Let now V he a surface. Any Hermitian metric g onV defines a canonical 
5pin'^(4)-structure on {V,g). Its class Ccan G Spin^{V) does not depend on 
the choice of the metric. The Chern class of Ccan is ci{ccan) = — ci(/Cy) = —k. 

Since Spin'^{V) is a H^{V, Z)-torsor, the distinguished element Ccan defines 
a bijection: 

H^{V,Z) — > Spin^V) 
m I — > Cm 

The Chern class of the twisted structure Cm is 2m — k. Finally, recall that 
any surface defines canonical orientation data o and (oijHq) respectively. 

Conjecture 6.3. Let V be a surface, and denote by o or (01,110) the 

canonical orientation data. If Pg{V) = 0, then 

IfPg{y) > 0, then 

P+{m) = Py{m) = SWvA^^) e H^{V, Z). 

The main evidence for our conjecture comes from the following Kobayashi- 
Hitchin correspondence: 

Theorem 6.4 (Okonek/Teleman). Let {V,g) be a surface endowed with a 
Kdhler metric g. Fix a class m G H'^{V, Z) and a real closed 2-form 13 of type 
(1, 1). Let T be a Spin'^ {A) -structure on {V,g) representing the class Cm, and 
denote by the moduli space of solutions to the (3-twisted Seiberg- Witten 
equations. 

i) // (2m — k — [(3]) ■ [ujg] < 0, then there exists an isomorphism of real 



analytic spaces 



Wl ^ Hilb^ , 



ii) // (2m — k — [l3\)- [ujg] > 0, then there exists an isomorphism of real 
analytic spaces 

K- :W^^Hilbtr™. 

Proof IHTTl Thm.25]. □ 

By the work of Brussee JBrJ, the moduli space of solutions to the Seiberg- 
Witten equations carries a virtual fundamental class [WJ^]vir- Moreover, the 
full Seiberg- Witten invariants can be computed by evaluating tautological 
cohomology classes on [W^]mr- |0T2j . Our main conjecture is essentially a 
consequence of the following more conceptual conjecture: 
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Conjecture 6.5. Let {V,g) be a surface endowed with a Kdhler metric g. 
Fix a class m E H'^iV^'L) and a real closed 2-form (3 of type (1, 1). Let r 
be a Spin'^ {4) -structure on {V,g) representing the class Cm, and denote by 
the moduli space of solutions to the f3-twisted Seiberg-Witten equations. 
Choose the canonical orientation data o or (01,110). Suppose that (2m — 
k — [f3]) ■ [ujg] < 0. Then the Kobayashi-Hitchin isomorphism 

K+ : ^ Hilb^? 
identifies [Wp]vir with the image 0/ [[Hilby]] in ii's,(Hilby , Z). 

The tautological cohomology classes on are given by a canonical map 
r : {A*H\V,Z)'^) [u] H*{WJ^,Z), 
where u is a class of degree 2. 

Lemma 6.6. Suppose that (2m — k — [(3]) ■ [ujg] < 0. Then the following 
diagram commutes: 



H*{Fic'^,Z)[u] = {A*H^{V,'LY) [u] 

{p+r 

H* (Hilb^? , Z) H* {Wl,Z) 



where (/)"'" )*(u) := u"*". 
Proof. |DT| . 



□ 



Combining this lemma with Conj . 16.51 yields immediately 
and 

= SWv,o{^^) 

respectively. 

The second case, i.e. when (2m — —[/?]) • [ujg\ > 0, can be reduced to the 
first by the following trick |Tlj : By complex conjugation, every Spin^{A)- 
structure r gives rise to a dual structure r* with the following properties: 

- If r represents the class Cm, then r* represents the class Ck-m- 

- For every real closed 2-form (3 there is a canonical isomorphism 
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/I'O \ . m,{m — k) 

Moreover, C maps [WJ^luir to — 2 — [W'if^jvir, and the following 
diagram commutes 

{A*H\V,Zy) [u] ^H*{W::*f^,Z) 

C 

{K*H^{V,ZY) [u] ^H*iWJ^,Z) 

where 7 maps an element t £ H^{V,7j)'^ to —t and u to —u. 

Using this trick we can show that Conj . 16.51 implies that the Kobayashi- 
Hitchin isomorphism identifies [W^]t,jr with the image of 

(_l)x(Ov)+^^^^^[[Hilb^-'"]] in /7,(Hilb^-™,Z) as follows: We have 



//-/-* \ , m(m, — k) * 



-plvir I' plvir J 

and, by assumption, the Kobayashi-Hitchin isomorphism identifies 
[WL'fsUr with the image of [[Hilb^~™]] in //.(Hilb^"™, Z). Since k' = 
'^k-m ° ^' claim follows. 

Using again the identity k~ = o C; Lemma shows that also the 

following diagram commutes: 

H*(Pic'^,Z)[u] = {A*H\V,Zy) [u] 

g*(Hilb^-",Z) _ ^ ^ H*{Wl,Z) 

where {p^)*{u) := —u^. This commutative diagram and the identification 
of [W]^]vir with the image of {-l)x{Ov)+^^^^^ [[Hilb^"™]] in //.(Hilb^"™, Z) 
under the Kobayashi-Hitchin isomorphism k~ yield at once 

and 

p-{m) = SWvA^m) 

respectively. 

There is one case, in which Coni. IH31 is known to hold: 

Theorem 6.7 (Diirr/Teleman). Let {V,g) be a surface endowed with a 
Kdhler metric g. Fix a class m € H'^{V,Z) and a real closed 2-form 13 
of type (1, 1). Let t be a Spin^ (4) -structure on {V,g) representing the class 
Cm, and denote by the moduli space of solutions to the (5-twisted Seiberg- 
Witten equations. Choose the canonical orientation data O or (01,110). 

i) If (2m — k — [P]) ■ [wg] < and the moduli space is smooth, then 
the Kobayashi-Hitchin isomorphism 

«m : ^ Hilb^? 
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identifies [W^]vir with the image 0/ [[Hilb™]] in ff*(Hilb™, Z). 

a) If {2m — k — [/?]) • [ujg] > and the moduli space is smooth, then 
the Kobayashi-Hitchin isomorphism 



//-^ \ , m[m — Kj J ^ 

identifies [WJ^Ur with the image 0/ [[Hilby"™]] in 
if*(Hilb^-"^,Z). 

Proof. |DT|. □ 

Corollary 6.8. Let V be a surface with q{V) = 0, and denote by o or 
(OijHo) the canonical orientation data. If Pg{V) = 0, then 

M = ^W^^(oi,Ho)(f-) e H\V,'L). 

IfPg{y) > 0, then 

P^{m) = Py{m) = SWvA^n^ Vm G H^V,!.). 

Proof. The relevant moduli spaces are isomorphic to projective spaces, hence 
smooth. □ 

We denote by a the map 

a : Hilb^ X Pic" Hilb^-"* — > |/Cy | 

(L>i,Z)2) ^ D1+D2. 

Theorem 6.9 (Witten). Let V be a surface with pg{V) > 0, K an effective 
canonical divisor, and fix m € II'^{V,'Ij). Then 

iDi,D2)ea-i{K) 

where l{Di,D2) is the length of the local ring of the fibre a~^{K) at the point 



Proof. A complete proof can be found in |Dlj . □ 

This theorem is a refined version of Witten's trick |W1 p. 787], which 
allows to compute the Seiberg- Witten invariants even when the relevant 
Hilbert schemes are oversized. The question arises, if there exists an algebro- 
geometric analogue. The strongest possible assertion one can hope for is the 
following 

Conjecture 6.10. Let V be a surface with Pgiy) > 0, choose an effective 
canonical divisor K, and fix m (z H^iV, Z). Set 

C{m,K) := Yl {-lf^'^''-^'''^h{D,,D2)[D,,D2], 

{Di,D2)€a-'^{K) 

where 

[Di,D2] G Ao(Hilb^ Xpie^Hilb^-'") 
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denotes the class of the point {Di,D2). Letpi andp2 be the projections from 
Hilb^? X Pic^ Hilb^-"' to Hilb^ and Hilb^"™ respectively. Then 

and 

[[Hilbtr™]] = (-l)^(^^)+^T-^p2*C(m,K). 

For this conjecture to make sense, it is clearly necessary that the images 
of the cycle class C{m, K) in the Chow groups of the Hilbert schemes Hilby 
and Hilby"™" do not depend on the choice of the canonical divisor K. Indeed, 
it is possible to show the following stronger result: 

Proposition 6.11. Let V be a surface with pg{V) > 0, choose an effective 
canonical divisor K, and fix m G H'^(V,Z). The class 

C{m, K) G Ao(Hilb^ ^Pic^ Hilb^-™) 

does not depend on the choice of K ^ \K,v\- 

Sketch of proof: The argument has two parts: First one shows that the 
map 

a : Hilb^ xpic- Hilb^-"' ^ \}Cv\ 

is flat of relative dimension when the fibered product Hilby x pjc™ Hilby~™ 
is non-empty and m{m — k) = 0. This implies that 

^ l{Di,D2)[Di,D2] 

is independent of K. The second point is to show that the sign 

is constant on every connected component of Hilb™ Xpic-Hilb*>-"'. This can 

be done by a case by case analysis according to the Kodaira dimension. □ 

Now we prove that Coni. IFHUl is true in the smooth case: 

Proposition 6.12. Let V be a surface with pg{V) > 0, choose an effective 
canonical divisor K, and fix m € H'^{V,Z). //Hilby is smooth, then 

[[miW{^]]=PuC{m,K). 
7/*Hilby~"^ is smooth, then 

1 //-/-» \ I m(m — k) 

[[Hilb^— ]] = (-l)>^(^^)+^^p2*C(m,K). 

Proof. Fix a form rj G H^{lCv) \ {0} and set K := (77). Recall that vr : 
Hilby xV ^ Hilby and pr : Hilby xV ^ V are the projections. Using the 
restriction morphism 

Cffiib™ H\K,v) = TT,{pr*}Cv) Mpr*ICv Od), 
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the form rj defines a section of the coherent sheaf 7r*(j)r*/Cy (8) Od)) which 
vanishes exactly at the divisors D E Hilb™ with D < K. By relative duality 
there exists an isomorphism 

[R^^,On{^)Y ^ TT4pr*JCv Oo). 

When Hilby is smooth, then R^it^Oo{0) is locally free and the virtual 
fundamental class is given by the formula 

[[Hilb^]] = ctopiR^TrMB)) n [Hilb^]. 

The claim follows now since for any locally free sheaf £ we have 

= {-iyc,{£). 

To prove the second claim, we have to show that for any decomposition 
K = Di + D2 with Di ■ D2 = we have 

(6) h^OoADi)) + h\OD,{D2)) = x{Ov)mod2. 

First we reduce to the minimal case: Let a : V ^ Vmin be the minimal 
model, fix a canonical divisor K > Q on V and let K = Di + D2 be a 
decomposition with Di ■ D2 = 0. Then a\K is a canonical divisor on Vmin 
with decomposition a\K = a<Di +a\D2. Moreover, we have a\Di ■ a\D2 = 
and h\0,,DM^D^)) = h^OoADi)) for i = 1,2. Since x{Ov) = x{Ov^J, 
we may assume that V is minimal. 

Suppose first that V \s a, -frS-surface or an abelian variety. Then K = Q 
and equation ® holds since 

x{Ov) = 0mod2. 

Assume now that V is properly elliptic, denote by 93 : F — > C the fibration, 
and by miFi, . . . ,mrFr the multiple fibers. Fix a canonical divisor K and 
a decomposition K = Di + D2 with Di ■ D2 = 0. Then there are effective 
divisors di, 32 on C and integers < Oj < mj for i = 1, . . . ,r with Di = 
+ Y^a'iFi, D2 = f*ii)2) + T.i'^i - ai)Fi. Set di := degOj. We have 

h\ODADl))+h\OD,{D2)) = di+d2 

= x{Ov) + 2g{C)-2. 

Finally, let F be a minimal surface of general type, li K = Di + D2 is a 
decomposition of a canonical divisor with Di ■ D2 = 0, then either Di = 
or D2 = 0. Hence we have to show that 

h\OK{K)) = x{Ov)mod2 

for all effective canonical divisors K. Given an effective canonical divisor X, 
choose a form rj with K = (rj), and denote by 

rj- : H\Ov) ^ H\lCv) 
the multiplication map. Let 
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be the Serre duality pairing. Since is a form of type (2,0), the induced 
pairing 

{H\Ov)/kerr]-) X {H\Ov)/kerri-) C 

{[a],m ^ (a,r/./3) 

is well-defined, non-degenerate and skew-symmetric. This yields 

dim {H^ (Oy ) / ker r]-) = mod 2 

and 

h\OK{K)) = xiOv)mod2. 

□ 

As a simple application of this result one gets a new proof of Prop. 15.81 
in the case Pg{V) > (compare |Dll Thm.1.2.51]). Note that whenever (a 
homological version of) Conjecture 16.101 holds, then 

p+ _ p- 

and, using Thm. 

for all m G H'^{V, Z,). We do not know if there is a direct proof of the ex- 
pected identity Py = Py , independent of Coni. lH^TUl Note that by Cor. 15.91 
Py = Py holds for all elliptic surfaces with Pg{V) > 0. 

Note that that the three conjectures have a completely different character: 
While Coni . HOI could be proved through a case by case analysis, Coni . 
is an instance of a very general principle relating virtual fundamental classes 
in gauge theory and complex geometry: Let 

he a Kobayashi- Hit chin correspondence between a gauge theoretical moduli 
space and a complex geometric moduli space. Suppose Mgauge is the zero 
locus of a Fredholm section in a Banach bundle over a Banach manifold, and 
all data involved in the definition of Ai complex are algebraic. Then Mcompiex 
has a preferred perfect obstruction theory, and the Kobayashi-Hitchin corre- 
spondence KH maps [J^gauge\vir to the image of [[M. complex]] 'in Borel-Moore 
homology. 

For a proof of this general principle in special cases, see |()T2) . |( )T3j . The 
third conjecture, on the other hand, is of purely algebro-geometric nature. 
There is a unifying algebraic concept jD2j . the Witten triples, which allows 
to relate Hilbert schemes of curves on surfaces with sets of decompositions 
of effective canonical divisors. 

Definition 6.13. Let F be a surface, and fix m G H'^{V,'L). A Witten 
triple of class m is a triple {C, (p, ip) consisting of an invertible sheaf C with 
ci(£) = m, a morphism ip : Oy — > C, and a morphism ip : C ^ Ky. 



POINCARE INVARIANTS 



67 



Two Witten triples {C,ip,ip) and {C,ip',ip') are equivalent, if there exists 
an isomorphism such that the following diagram commutes: 




For every ample class h € H'^{V, Z) and every real number t £ M, one has 
a natural stability concept. 

Definition 6.14. A Witten triple {C, (p, tp) is t-stable on {V, h), if one of the 
following three conditions is fullfilled: 

- if ^ and ip ^ 0; 

- (2m — k) ■ h < t and if ^ 0; 

- (2m - k) ■ h> t and / 0. 

The main result concerning stable Witten triples is the following: 

Proposition 6.15. Let V be a surface, and choose a class m G H'^{V,7j). 
Fix an ample class h G H'^iV^'L) and a real number t G M. Then there 
exists a fine moduli space parametrizing t-stable Witten triples of class m on 

Proof jD2l Thml.l2]. □ 

Denote the moduli space of t-stable Witten triples by MJ^^. There is a 
natural morphism 

^t:M,™ ^i70(/Cy), 
which maps the class of a triple {C, ip) to the holomorphic 2-form ip o ip. 
Recall that above we introduced the addition map 

— > \}Cv\- 



a : Hilb^ Xpic™ Hilb^ 



Proposition 6.16. Let V be a surface, and choose a class m G H'^{V,Z). 
Fix an ample class h G H'^{V,7j) and a real number t G M. For every 
holomorphic 2-form rj G H^{lCv), there exists a natural isomorphism 

Hilb^ ifr] = {) and {2m - k) ■ h < t, 
Hilb^""" i/ r/ = and {2m - k) ■ h > t, 
I ifv^O. 



a 



Proof. jD2| Thm.3.3]. 



□ 



6.2. Some evidence. In this subsection we will collect further evidence for 
Conjecture 16.31 We begin with two general facts: 

- reduction to the minimal case 

- wall crossing formulas and consequences 

Thereafter, we proceed with a case by case analysis, organized according to 
the different Kodaira dimensions. 
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6.2.1. Reduction to the minimal case. With help of the blow-up formulas 
for the Seiberg-Witten invariants |()Sl Thm.2.2] and the Poincare invariants 
(Thm. E.12|) . we reduce the proof of Coni . to the minimal case: 

Theorem 6.17. Let a : V ^ V he the blow-up of a point p ^ V . Denote 
by o or (oijHo) the canonical orientation data on V, and by b or (oijHo) 
the canonical orientation data on V . If Pg{V) = and 



then 



IfPgiV) > and 

P^im) = Py{m) = SWv,oM Vm G H^{V,Z), 

then 



P+(rn) = P7{m) = SWyJc^) Vm G H\V,: 



Proof. Let E be the exceptional curve and set e := ci(Oy (£')). Let m G 
H'^{V,Zi) be a cohomology class and let / be an integer. Then Theorem 2.2 
of Ozsvath-Szabo, restated in our teminology, says that 

when b^{V) > 1, and 

when = 1. Hence our theorem is a consequence of Thm. UTT^ □ 

6.2.2. Wall crossing formulas and consequences. 

Proposition 6.18. Let V be a surface with Pg{V) = 0, and denote by 
(01,110) the canonical orientation data. Then 

P+(m) - Pyim) = W+(,^,Ho)(^™) - ^^l^(o..Ho)(^-) 
for all m G H^{V,Z). 

Proof. This is a consequence of the respective wall crossing formulas Thm. lTTHl 
and Thm. 16.11 □ 

Corollary 6.19. Let V be a surface with pg(V) = 0, denote by (01,110) the 

canonical orientation data, and fix an element m G H'^{V,Z). // Hilb^ or 
Hilby~™ is empty, then 

± 
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Proof. When Hilby = 0, then the Kobayashi-Hitchin correspondence [Thm. imj 
yields 

Analogously, when Hilby"™ = 0, we find 

Therefore, our claim is a consequence of Prop. 16.181 □ 
6.2.3. Case by case analysis. 

Proposition 6.20. Let V be a surface with kod{V) = —oo, and denote by 
(01,110) the canonical orientation data. Then, for any m G H'^{V,Z), 

Proof. As we have seen earlier, the presence of a smooth rational curve C 
on V with > implies that for any m E H'^iV^'L) one of the Hilbert 
schemes Hilb™ or Hilb^"™ is empty. Therefore, our claim is a consequence 
of Cor. Em □ 

Proposition 6.21. Let V be a surface with kod{V) = 0, and denote by o or 
(Oi,Ho) the canonical orientation data. If V is a blow-up of a K2, surface 
or of a torus, then 

P${m) = SWvA^m) 
for any m G H'^{V,'Z). If V is a blow-up of a bielliptic surface or of an 
Enriques surface, then 

P±(m)=51^±^^_Ho)M 

for any m G H'^iV^'L). 

Proof. When V is an Enriques surface, then for any m G H'^iV^'L) one of 
the Hilbert schemes Hilby or Hilby~™ is empty. When V is a, iTS-surface, 
an abelian variety, or bielliptic, then Hilby consists of one smooth point, 
the divisor 0. Hence also in this case one of the Hilbert schemes Hilby or 
Hilby"™^ is empty unless m = 0. Therefore our claim follows from Cor. 16.151 

□ 



Next we consider properly elliptic surfaces. 

Proposition 6.22. Let V be a properly elliptic surface, and denote by O or 
(Oi,Ho) the canonical orientation data. If Pg{V) > 0, then 



V 

t2 



for any m G H^{V,Z). If Pg{V) = 0, then 
for any m G H'^{V,Z,). 
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Proof. It suffices to show that the relevant Hilbert schemes are smooth. The 
claimed equality follows then from Thm. 16.71 Without loss of generality, we 
may assume that V is minimal. 

Fix a class m G H'^{V,'L) with m{m — k) > 0. Suppose first that one of 
the the Hilbert schemes Hilby or Hilby"™" is empty. When Pg(y) = 0, our 
claim is a consequence of Cor. l6.1iJl In the case Pg{V) > 0, Thm. ITTUl yields 
Py{m) = Py{m) = 0, while the Kobayashi-Hitchin correspondence implies 
SWvA^m) = 0. 

Assume now that both Hilbert schemes are non-empty. But then we have 
= (m, [F]) =0 and both Hilbert schemes are smooth by Lemma [5. 71 □ 

Corollary 6.23. Let tt : V ^ C be an elliptic fibration over a curve of 
genus g. Let F be a general fiber, and let miFi, . . . rUrFr be the multiple 
fibres o/vr. Denote by O or {oi,Tio) the canonical orientation data, and fix 
a class m G H'^{V,Z). 

i) // V is minimal with PgiV) > 0, then SWv,o{^m) = unless 

= (m, [F]) = 0. 

ii) // V is minimal with Pg{V) = 0, then SWy Ho)^''™'' ~ ^ 
'^^v^(oi,Ho)('^"^) = unless = (m, [F]) = 0. 

in) Ifrn^ = {m, [F]) = and pg{V) > 0, then 



or 



d[F]+Y.o.i\Fi]=PD(m) 



2g-2 + x{Ov. 
d 



■) //m^ = {m, [F]) =0 and pg{V) = 0, then 



d[F]+'£ai[Fi]^PD{m) 
0<a,- <m,' 



and 



s»'V.,o 



d[F]+E aj[Fjl=PD(fc-m) 



Proof. This follows from Prop. EHl and Prop. inHH D 

Remark 6.24. Note that our formulas for the Seiberg-Witten invariants do 
not agree with the formulas given by Brussee [Br , Prop. 42] and Friedman- 
Morgan |FM| Prop. 4.4]. There are two problems with the formulas in 
|Brj and |FMj . The first, conceptual problem is the missing justification of 
the computation of the Seiberg-Witten invariants in terms of intersection 
theory on Hilbert schemes. The second problem is of a calculatory nature: 
in general, the relevant Hilbert schemes are not connected (see example 
5.13), but Brussee and Friedman- Morgan find just one of their connected 
components. 
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Let y be a minimal surface of general type. When q{V) = 0, then all 
Hilbert schemes are linear systems and in particular smooth. Hence, by 
applying Thm. 16.71 we find that the Seiberg-Witten- and the Poincare in- 
variants coincide. 

Suppose now that q{V) > 0. Note that such a surface has Pg{V) > 
since xi^v) > for any surface of general type. Then V has exactly two 
basic classes, namely and A:, as we have shown in the proof of Prop. I4.2fll 
Likewise we have 

SWv,o{^m)=0 

unless m = or m = k |W| p. 789]. Furthermore we know that 

SWv,o{<^can) = 1, 

p^m = 1, 

and 

Py{k) = 

Hence, in order to give a case by case proof of Coni. it remains to show 
that Py{0) = = L 

The results of section 6.2 show that it suffices to prove the following: 

Assertion: Let y be a minimal surface of general type with Pg{V) > and 
q{V) > 0. Then 

deg[[Hilb^]] = 
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